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CHAPTER 1 


PURPOSE OF THE INVESTIGATION 


Digitized by the Internet Archive 
in 2018 with funding from 
University of Alberta Libraries 


https://archive.org/details/studyotmethodsusOOlaze 


Chapter l. 


This investigation is an attempt at diagnosis of diff- 
iculties encountered in solving problems in arithmetic. In 
the testing of attainments in arithmetic more attention has 
been given to the mechanical phases of the subject than to 
the solving of problems. The four fundamental processes 
have been analyzed in detail, the typical errors for each 
operation have been made known and timed drill devices have 
been arranged to utilize the information gathered from the 
analyses. The present study attempts to ascertain why 
children make errors in solving their problems. The 
Warious types of errors are first listed and then each 
error is studied in detail in an attempt to find the fund- 
amental reason forthe deficiency found. 

, vometimes when a Subject gets into difficulty in his 
problem-solving, there results an error in the written or 
oral solution offered. If this be the case, the record of 
the performance carries its own evidence. Frequently, 
subjects meet difficulties which they surmount or even 
avoid as they try to solve their problems. Written sol- 
utions, whether csrrect or incorrect, ao not record these 
less-evident defects in the thought processes. in this in- 
vestigation an effort is made to discover as many of these 
deficiencies as possible and to find their origin. The 
investigation a Sa with the isolation and analysis 


of actual errors made or difficulties experienced, and with 


the discovery of deficiencies which cause the difficulties. 
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CHAPTER 2 


METHODS, SUBJECTS AND MATERIALS 


Chapter 2. 


Method 

The method followed throughout this investigation was 
that of diagnosis of individual work. All investigations 
were made by the writer who worked with but one Subject at 
a time. When a problem was given to a Subject he was 
allowed to proceed with a written solution. As soon as 
the solution was completed the Subject was questioned re- 
carding the written work whether the same were right or 
wrong. He was asked to explain the content and the method 
ef solution. If there chanced to be ¢rrors in the mechan- 
ical work the investigator ascertained whether the Subject 
could perform the required manipulation of numbers. This 
determination was made at the close of the question hour. 
The written work of the Subject was preserved and the in- 
vestigator recorded the replies given by the Subject to 
all questions asked. Through both written exercises and 
oral questioning the investigator attempted to learn as 
much as possible concerning the Subject's understanding of 
the problem under discussion, and the amount of effort 
expended in trying to ee this information was entirely 
uninfluenced by the fact that the Subject might have the 
correct answer to the written problem. 
Subjects 

In the early part of the investigation the Subjects 


cHosen were from grades V and VII of McKay Avenue and 
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Garneau schools respectively, in the City of Edmonton. 
With the re-opening of the 1926-27 school year the study 
was resumed with certain Edmonton school children. A def- 
inite list of problems was selected and arranged in the 
order of their grade assignment. Hach child began in the 
series with a problem that was relatively easy for him and 
continued either to the end of the series or to a point 
where the difficulty had increased appreciably. The Sub- 
jects who served during the 1926-27 year were : Five Sub- 
gects from grade IIE and four Subjects from grade lV of 
the King Edward School, four Subjects from grade V and five 
Subjects from grade VI of the McKay Avenue School, five 
subjects from grade VII of the Garneau School and a few 
Subjects from the University of Alberta. The last-named 
group of Subjects were used merely to get a contrast at 
certain points between the work of immature and mature 
Subjects. 

The Subjects chosen were not thought to be representat- 
ive of their classes as the teachers were asked ta send 
those ut who were having particular trouble with the 
subject of arithmetic. As their later performance testif- 
ied, the pupils selected formed grade groups of an ascend- 
ing order of attainment in the subject studied. This gave 
an opportunity to study the performance of groups of vary- 
ing maturity who had profited by different amounts of school 


experience and instruction. 
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Materials 


The list of problems used in the major part of the in- 


vestigation was as follows: 


a ES Dick is 6 years old. John is 10 years old. How much 
older is John than Dick? 


Re Jack rode 35 miles on his bicycle yesterday forenoon. 
He rode 29 miles in the afternoon. How many miles did 
he ride yesterday 7 


3. Alice has saved $3.28. How much more must she save 
before being able to pay $4.95 for a doll ? 


4. A train has seats for 220 persons. After 80 men and 
94 women have taken seats, how many seats are empty 


5. Find the cost of 7 pounds of candy at 35 cents a 
pound. 


6. If a quart of milk costs 14 cents, find the cost of 
i pint. 


Re When 1 hat costs $3.00 how many can be bought for 
$24.00 ? 

8. Alice is reading an 85 page book. She has read 25 
paces- Hew bomg will it,,take her to finish it if she 
reads 10 pages an hour? 


9. A e@r usés 8 gallons of gasolene in going 160 miles. 
Find how far it will go on 3 galiloms of gasolene. 


10. the perimeter of a square is 60 feet. Find its area. 


es If wheat is worth $1.40 a bushel, find how much I 
Well get £oer 2520 pounds of it. 


2. At $1.38 per square yard find the cost of linoleum 
meeded fora Kitchen floen 9 feet by Le feet. 


Loe Find the volume of a sphere whose radius is 12 
inches. 


‘The problems chosen for this investigation were select- 


ed primarily to test the abilities of pupils of the junior 
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intermediate grades. They were given to grades V1 and V1l 
to determine what types of improvement come with increased 
schooling. The problems used involve integral numbers. 
The peculiar difficulties that are added to the task of 
solving a problem when fractional numbers replace integers 
are very numerous and often they are not inherent in the 
‘problem sitnetien Fireéle. Lf we think of a problem as hav- 
ing a quantitative and a logical aspect, we may agree that 
in very many instances the introduction of the fraction 
serves ee a, complicate the quantitative phase of the 
problem. Because they were designed for the intermediate 
srades, the problems have been limited to those involving 
imtegral numbers expressing only a few of the simpler and 
more common relationships. To cover the problem-solving 
activities of even the elementary school this list would 
meead to be Supplemented by others relating to more complex, 
integral relations, to common fractional relations, to 
decimal numbers and to business applications of fractions, 
decimals anid percentage. 

The table on the following page shows the number of 


problems attempted by pupils 1 to 235 inclusive. 
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Subject Age Grade Problems Attempted 


1 8 ek 1-2-3-4-5-6-7 

2 8 Lil 1-2-3-4-5-6-7 

3 8 Lit 1-2 -5-4-5-6-7 

t 9 ELE 1-2-3-4-5-6-7 

) 9 lil 1-2-5-4-5-6-7 

6 9 1V 1-2-3-4-5-6-7-8 

7 14 1V 122-5-4-5-6-7-8 

8 11 1V 1-2-5-4-5-6-7-8 

9 9 Lv 1-2-3-4-5-6-7-8 
10 it V $-4-59-6-7-8-9-10911 

11 13 V 5-4-5-6-7-8-9-10-11 
12 12 V 52 4-5-6-7-8-9-10-11 

13 13 V b= 4-5-6=-7-8-9-10-1ll 

14 11 V1 4-5-6-7-38-9-10-1ll-12 
15 14 V1 4—-5-6-7-8-9-10-ll-12 
16 13 Vi. 4 9-6-798-9-10-ll-12 
1? il V1 4-5-627-8-9-10-l1l=12 
18 12 Vi. 4-9-62728-9=-109ll=-12 
19 i2 Vil 4-3-6-7-8-9-10-11-12 
20 12 Vix 4-5-6-7-8-9-10ell=-12 
Al 12 Vil 4=-5=6-7-8-9-10-ll-12 
Ae £3 Vil 4—-5=6-7-8=9-10-ll-12 
23 12 Viz 4-5-6-7-8-9-10-l11-12 


Table 1: Problems attempted by various Subjects. 
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CHAPTER 3 


SUMMARY OF DATA 
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Chapter 3. 


The present chapter presents the data regarding the 
number and distribution of the errors made by the twenty- 
three Subjects in working through the schedule of prob- 
lems outlined on page 7 of this report. 

There is presented first a classified list of thirty- 
five types of errors that were made either while the 
Subjects were writing solutions or answering questions 
based on the probvlems. The frequency assigned to each 
error cannot be truly representative of its frequency in 
a given group of intermediate grade children, ats it is 
necessarily dependent upon the type of problem that was 
presented and upon the particular questioning that happ- 
ened to accompany the solutions. The writer, upon dis- 
ceévering a weakness in the thinking of the Subject, be- 
gan questioning informally. The subsequent errors were 
depemdent therefore upon the initial errors or defic- 
iencies that chanced to be noted. The frequencies mean 
only that in this investigation the particular deficien- 
cies occured as represented. 

Table 2 shows the errors that occured eniymnin the 
writing of solutions, while table 3 gives the total err- 
ors independent of their source. Table 4 gives the dis- 
tribution of the errors according to the problem in 
which they occured. Table 5 gives the total errors per 


grade for each type and the averages deduced from these 
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data are given in both table and graph form. 

The errors that occured in the work of 23 Subjects in 
a total of 193 problems were classified as to type and 
frequency. There are several ways in which the errors 
might be grouped but in this summary they are arranged 
under four major headings, (A) Those that seemed to be 
associated with the attitude of the Subject as he approach- 
ed or worked with the problem, (B) Those related to analy- 
sis of the problem, (C) Those primarily concerned with the 
method of solution, and (D) Those related to generalizations. 
The following list gives ithe types of errors together with 


their frequencies. 


Errors of 25 Subjects in Solving 193 Problems 


tA) Attitude Frequency 
1. Lack of confidence i 
2e Inattention 12 


(B) Analysis 


4. Unsatisfactory wording of problems 5 
Reading and Interpretation 
4, Incomplete associations 19 
oo. Meagreness of associations 76 
6. Difficulty with the language ) 
parts of the problem 63 
7o Reading the numerical parts of 
the problem S 
8. Grasping mathematical idea of 
certain expressions 134 
9. Lack of business experience 49 
10. Confused by large numbers a 
li. Analyzing into knowns and unknowns 69 
12. Analysis not carried to subordinate 
ideas 85 
13. Failure to see relationships 242 
14. Lack of imagination AL 


15. Inaccurate graphical aids 57 
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(C) Method Frequency 
(a) Selection of the correct method 

16. Incomplete’ notions concerning 

the four fundamental operations 170 
17. Guessing OB 
18. Trying to find familiar forms 

of solutions 3 
19. A type form used but not under- 

stood a 
20. Correct procedure obtained from some 

cue in the problem aye 

(b) Applying the method selected 

2l. Relationship is understood but it 

cannot be put.in..legical form 16 
ee. Wrong use of equations 6 
25. Formulae or necessary facts not 

known 6 
24. Errors connected with denominate 

numbers 129 
ao. Confused by the details of writing 2 
26. Memory contributes the wrong items 9 
27. Led astray by false cues we) 
265. Difficulty with reversed order of 

operations 44 
a9. Weagre knowledge of the number syst- 

em Al 
40. Gems improperly labelled i 
of, Brror in copying digits } 
$20 valuation of results ” 


(D) Generalizations 


Odo 
O46 


5D 6 


Specific examples are solved but the 


generalizations are not grasped TES 
A memorized generalization cannot 
be applied 1 


Faulty concept of the generalization i 


Total L476 
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Errors in Actual Problem-Solving: 193 Problems 


Subject 
Error eee see eG. eee en Oo LOE oe aS EAS 16 27 te 
1 1 
3 2 af t 
4 2 
6 Ji a 7 BS A ties I 
7 = 
8 ik Ba i 
9 a eee 1 
5 ie | 2 | 
12 So GRR Sai Se Sash eat = aaa a “RR ave 1 Sree 
ES Be A) Bey AS) BB oN a A a vgs ited: Se A baa 
LS E a 
16 ae ae aa > ea MBM est ee 2 
1? 2 % a 
20 a a" 1 1 
ek ZB 2 
22 a3 i ee ee 
a3 1 a 
24 1 Oy ae ie ee E 
25 A 
26 1 
a7 af i 1 
28 a ae Sf Sricten a | 3& ae 1) 
29 Bis SN arreat 3 Sy ae 
50 iE 
Sk 1 iE 
be 2 iE 
35 a 
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( Continued) 


Table 2: Errors made by 23 Subjects in the written solutions 
of 195 problems. 
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Table 2 concluded. 
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Subject 


20 al Ba’ ae 


V 
1 
1 
1 
1 i 
1 d 
1 2 
3 3 o P 


Total . $63 
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Deficiencies in Problem-Solving : 1935 Problems 


Subject 
Error Pee 6 8 6 FB Se ae le 22 
1 a i} 
2 3) 1 k 2 i cade 4 
3 2 2 a 
4 1 Pz 1 
5 3 S 2 4 co) a a 4 4 2 LS 2 LS 
6 2 Es 7 9 ie  Ba 6 2 i 1 a 2 
7 i k 4 1 a) 
8 7 & 9 9) 6 4 4 5) 2 aS ADs 8 
9 2 6 1 2 2 a iL 6 5 5 
10 ag 
32 5 4 5 8 6 5 5) a a Ai 2 4 
12 & 6 5 4 5 3 4 6 8 4 % 6 2 
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( Continued ) 


Table 3 : Deficiencies revealed in 193 solutions given by 
ao Subjects. 
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Table 3 concluded 


Subject 


Error 


Peal Wala Ble bem bre ele iee 


pq sso tem BLES) 


vod Or 


Yoic 


CT  E SI 


ann 


ade 


HO 69D C2 x 


aaa be is ba 


SFOoOrHt MOdxvA 


Nic ONANYMADHS 


an Wd cv 


AHwMomore m 


ArT oOOm~ OOD 


NO Area 


NOOO He 


a te) - J 

© owe I 

aes qo Sa) 

— rio r ca} 

fea Weal aoa RS et ge | O 
AN ales len fee Se 

sD ats te ac = 
ae 1 ™N wv 
Sse ie Aa 
ct omar! - Ao 
Saeeeeskescass 


56 


59 


66 
L476 


4S 


Total errors 


Oo7 42 


Sf es 


os 
Ht hi boa ofa hOB 


Ho 


-< 


ak om 


o 
MOR Hs ORR OK tes 
Dib 
Be 


W Yh ane oo 
bht OF HO haw 


mn & bhhe 
re i 


os 
7 
i 


ae 
re 
ae Se ae 
me 


Ler oP E ont ; 
a ae a 
Sh one i ee 


ae 


a 


16 


variate 


ee 


14 


ino 


11 


10 


0) 


8 
On gale at the University of Chicago Bookstores, Chicago, Ill 


Pat aieee 
as eee 


Hine = fvetuag Ri uiie 
real re ess rece 

) ary . | | 
Lae iN 


Hit 
Unter : 


at 


ae? 


ah. 


4 


15 


¢ 


The following table gives the frequency with which errors 


occured in the several separate problems. 
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Table 4 ; Distribution of errors according to problems. 
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Problems 4, 5, 6 and 7 were attempted by the entire 23 
Subjects who served throughout the major part of the ine 
vestigation. It is acknowledged that these Subjects may 
not be representative of their respective grades, but, in 
view of the fact that arithmetic was the subject that de- 
termined the grade in which they were found , the average 
number of errors for each type may be indicative in some 
measure of grade progress with respect to the particular 
type of error under observation. The following table 
gsreups the errers of each type by grades, giving for the 


four problems. the total number of errors per Subject. 


Error Grade lll Grade 1V Grade V Grade V1 Grade V1l 
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Considering the twelve errors that occur most frequently, 


the following table gives the average number made per Sub- 


ject in each grade. The graph which follows the table gives 


the same information in another form. 


Average mumber of errors per Subject 


Brror Grade lil Grade 1V Grade V Grade VL Grade V1l 
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Table 6 : Frequency of Twelve Specified Errors in each 


of the Grades Considered. 


Conclusions based on the above data :;: 


le 


There is. a great difference in the number of errors per 
subject. Subjects 5 and 12 had 31 errors each while 
Subjects 10, 19 and 23 had but 2, and in these instances 
the number problems varied at most by two. 

The variation in deficiencies is just as great when 
errors in questioning as well as in solutions are con- 
Sidered. Solutions of equal merit do not necessarily 
accompany equal degrees of understanding on the part of 


the Subjects. if the written solution accurately re- 
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flected the thought processes accompanying the solutions, the 
total number of deficiencies discovered would be proportional 
to the number of errors in the written solutions. This is not 
the case. The ratio of deficiencies to problem errors is as 


given in the following table . 


Subject Deficiencies Errors Ratio 
1 91 11 So ta L 
4 109 21 Sr ened pe © 
5 100 SE Sea to 2 
9 81 6 TSO tock 
LO 38 2 19.0 to 2 
12 98 en ah 3.2 tok 
19 45 Ps fae te L 
20 36 2 £So0) Go. 2 


This must mean that although correct answers can be ob- 
tained by certain Subjects, their real efficiency in solving 
the problem may be low. | , 

Se Br the ratio of deficiencies ta errors be considered for 
the various grades, it is seen that the average ratio by grades 
fs as t@llews: Grade LiL, G.0 to 1; Grade 1V, 8.7 to 2L; Grade 
MouG.o te lL; Grade Vil, 8.7 ta 2 and Grade Vil, 13.9 to 1. The 
problems however are not identical, the older Subjects solving 
problems that the younger Subjects cannot solve. The senior 
grades are advancing in ability to derive answers more rapidly 
than in their complete understanding of the problems which 

they are being called upon to solve. 

When problems 4, 5, 6 and 7 omly are considered it is found 
that the average number of deficiencies per grade decreases as 
96, 34, 25, 12 and 13. There is improvement in understanding 
of the elementary problems but not in ability to deal success- 
faily wath the more difficult problems. Probably the exper- 
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‘stood. 


Table 4 indicates that the type of error discovered in 
investigations such as this one depends upon the partic- 
ular problems chosen. Hach particular problem has in 
the main its own inherent difficulties. 

Table 6 and Graph 1 show that the greatest relative 
grade increase in ability is in that related to (1) 
reading the written problem, (2) understanding the mean- 
ing and use of the four fundamental operations, and (3) 


the ability to grasp relationships buried in the problem. 


CHAPTER 4 


TYPES OF DIFFICULTIES ILLUSTRATED 
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Chapter 4 


In the previous chapter thirty-five types of errors and 
deficiencies in problem-solving were named. These errors are 
discussed immediately below wher examples of each are given. 
Awl. Lack of Confidence 

If a Subject is lacking in confidence he may not attempt 
the problem or if he attempts it, his efforts may not be well- 
directed. Errors due to lack of confidence may be put into 
two groups, (1) Those where the lack of confidence prevents 
the Subject from attempting any solution, and, (2) Those where 
there is a lack of confidence which causes a Subject to change 
from a correct to an incorrect solution as soon as he is 
questioned regarding his methods. 

Type 1 : Subject 13 in problem 8 after getting a wrong sol- 
ution was questioned for some time about his work. He was then 
asked to try a second solution. He sat for 2 minutes and 43 
seconds afraid to try again lest he make an error. He was re- 
peatedly urged to proceed. His first attempt was followed by 

a correct solution. 

Type 2 : Subject 4 in problem 2 added 35 and 29. Evidently he 
was getting his cue from some supplementary source because he 
changed from the correct to a wrong procedure as soon as he 

was challenged . 


Q.:"Should you add or subtract?" 
As: ™ Subtract. ®* 


The solution was changed from 35 + 29 to 35 = 29. 
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Subject 22 solved problem 6 correctly by dividing 14 by 2, 
but, when asked to evaluate his answer, sauae "Nord found a 
mistake. You should multiply by two instead of divide." 

Evidently this lack of confidence is found at that level of 
problem-solving ability when the Subject is not sufficiently 
able in analysis and evaluation to look back over the work 
done and find corroborative evidence to justify in his mind 


the procedure that was followed. 


A. 2. Errors Due to Inattention 


After discussing the principles that were to be used in 
problem 2, Subject 1 gave a written solution that was marked 
by many errors. He repeatedly stated that the boy rode only 
55 miles yesterday. Believing that inattention was the factor 
responsible for the poor work being done, the writer spoke 
sternly to the Subject and told him that he was not attending 
to his work. Almost immediately the Subject wrote as foilows: 
" 35 + 29 = 64" and said that the boy rode 64 miles yesterday. 

The work of Subject 13 was of this same sort on one occasion. 
His statements contained many such remarks as, “ There are 60 
bushels in a pound of wheat", and, " You multiply 108 square 
feet by 9 to change them to square yards." A sharp reprimend 
followed. During the remainder of the period the Subject gave 
good attention and answered without an error a short series of 
rapid-fire questions that were at least as difficult as those 
that were previously answered so carelessly. 


The Subject who worked problem 8 correctly and a moment later 
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said that he would add 85 and 25 and then divide by 10, is not 
interested at that moment in the problem before him. 

Comments: If deficiencies 1 or 2 characterize the work, a 
true measure of ability in problem-solving cannot be obtained. 
They tend to produce inaccuracies in solutions, inaccuracies 
that may result at any point of the work. They are in effect 


' blanket deficiencies '. 


ERRORS THAT RELATE TO ANALYSIS OF PROBLEMS 


B. o- Errors due to the wording of the problem 

Two pupils had difficulty with a.problem when it was pre- 
sented in one form but were able to solve it when the form was 
changed. The two forms of the problem were : (1) A mill owner 
Igold his mils that’ cost him $13,200 at 2, loss of $1600 and with 
the money bought land at $30 per acre. How many acres did he 
buy? , and, (2) A man bought a mill for $13,200 and when he 
sold it he lost $1600. He invested the money he got in land at 
$30 per acre. How many acres did he buy? In the first instance 
the pupils could not see that the phrase " at a loss of $1600" 
referred back to the word "sold". 

The phrase ' how much more must she save' as found in prob- 
lem 5 of this investigation led a large number of pupils to 
treat the problem as a queation in addition. The conversation 
ae Subject 8 was as follows : 

Q.: What are you finding? 
A.: How much she must save. 


G@.: How are you finding it? 
A.: By adding a dollar and a few cents on. 
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Subject 1 understood what the problem meant. His solution 
was merely “ She has to save $1.50". 
Q.: Where did you get this $1.50 ? 
A.: I put $1.00 with the $3.28 and then put on 
50 cents. 
When given the example " Subtract 328 from 495" this Subject 
made the subtraction without error. 

Pupil 2 spent 190 seconds in getting an answer $1.63. In ex- 
planation she said, " I added $1.00 to $3.28 . This would be 
$4.28 and she still needs some. Add to find out how much more." 

Of like mind was Subject 24 who participated in the follow- 
ing conversation : 
Q.: Hew would you do this question ? 
A.: She would have to get $1.00 and ----- 
Q.: What do you do with the numbers 7 
Ae: Add them. 
Qos vAre you trying to put two numbers together: or 
are you tyying tea find a difference 7 
Aw: Add. 


Comment: 
The findings suggest a problem that merits investig- 


ation, namely, ' To what extent would training in the grammat- 
ical analysis of arithmetical problems assist pupils in avoid- 


ing the difficulties inherent in many poorly-worded problems 7?! 


OB. 4. Word Knowledge of Items Accompanied by Incomplete Con- 
cei i!) oe eo Ea 


Real difficulty might be experienced by Subjects 16, 26 and 
25 in trying to find the area of a rectangle 8 feet long and 
21/2 feet wide for it was discovered that their notions re- 
garding a square yard were incomplete. The idea of equivalence 
of areas was quite absent from their thinking and a square yard 


was thought to be necessarily square in shape. 
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The incompleteness of the notion of the fraction 1/9 is 
evident when a Subject says that if 1/9 of anything be removed 
9/8'gs of it will remain. The pupil who said this was able to 
find 1/9 of a straight line marked off on the desk. 

Subject 17 in problem 12 said that the perimeter is * all 
the distance around ', but, he said also that if you wanted to 
find the amount of linoleum you would have to find the perimeter 
of the floor. -On another occasion this Subject said that the 
area all around was 186 inches, thus showing that this was his 
true belief and that he had not merely made a mis-statement. 

Subjects 20, 21 and 22 all defined the perimeter as the 'dist- 
anee around’. Subject 20 said that if the perimeter is 60 feet, 
the area is 60 x 60 = 5600 square feet; Subject 21 said that the 
perimeter is equal to length + width; Subject 22 said that it is 
peesditovleuath x width: ./ | 

pubgect 13 deduced from a subdivided figure that ene square 
yard is equal to 9 square feet. He later defined a square yard 
as the equivalent of 9 square feet, yet almost immediately he 
Breceeded to divide 108 by,.3 in an attempt to change 108 square 
feet to square yards. 

Probably in all the cases noted, the Subjects who made the 
errors coula correct them if questioned. The errors are due to 
faulty organization of items of information. Instead of well- 
rounded, complete, working concepts, many pupils have verbal 


definitions which they have not taken the trouble to analyze. 
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B. 5. Meagreness of Associations 
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The meagreness of many of the associations which pupils 
have for certain mathematical terms and notions is illus- 
trated by the responses that were given to certain stim- 
ulus words that were given before the problems were att- 
enpted. 

Besides the scarcity of associations, there is revealed 
also a great variety in the nature of the associations. 

For the word 'volume' the following responses were given 
by the several Subjects indicated by the numbers within 

the brackets : (40) length, breadth, height- content, (41) 
book, (42) book, (43) river, book, (44) cubical, rect- 
angular, the form lxaxb, (45) length x width x height x 
unit of measurement, (46) size, cone, (47) circumference, 
height, radius, (48) cylinder, (49) 1 x wx h , something 
enelosed by straight lines, (52)°4/3 x 22/7 x r=. For 

the stimulus word ‘area' the following responses were giv- 
en : (13) length x width, (12) surface covering, (10) 
surface measure, (11) surface, (16) what it contains in 
feet, (18) how many acres in the area, (15) perimeter, (19) 
area of a floor, (20) the’ tep of anything, (21) ‘the part of 
an arithmetic problem which we use in finding the number of 
acres or square feet, (22) the number of square rods, and 
(23) the surface. 

The meagreness of the associations is best shown by giv- 
ing examples of various types so that contrasts may be made. 


The types were, (1) Those where the wrong idea was held, 
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(2) Those in which irrelevant responses were offered, (3) 
Those in which the stimulus term was not defined, (4) Those 
free from error but not marked by mathematical ideas, (5) 
Those correct but very special in their application, and (6) 
Those where the associations were clear and full. Examples 


of each of these follow. 


Type Subject Problem Error 


1 Ay 21 7/8 quart is more than one quart 
28 10 perimeter — area of a field = area 
=length around 
8 5 10 cents a pound is anything that is 
10 cents 
2 13 8 an hour : two hours come after it 
Le 8 an hour : what hour is it 
k2 3) tOccents avpound ss I think off (LO 
cents worth of candy 
LE 6 14 cents : one quart costs 14 cents 
14 es 3 2520 pounds : ounces if | 
17 10 perimeter : the way you find meas- 
urement 
3 18. 8 S5tethere is an & and aS 
Ee 10 area : area of floor 
23 5 pound : a pound of butter 
4 42 13 radius is 12 inches : distance 
43 13 volume : book, river, smoke 
18 8 an hour :; used in measuring time 
5 aa 10 perimeter : how mmy yards of wire 
required to go around a field 
18 10 area : how many acres in the area 
6 hay 8 So : Up near 100 
LF 8 an hour : 60 minutes 
40 Wie5) volume : length, breadth, height- 
content 
AO 13 volume of a sphere : 4/3 x 22/7 xr§® 
13 iz bushel of wheat : 4 pecks of wheat 
>: 60 pounds | 
16 21 galten +: 4 quarts : & pinte 
10 5 10 cents a pound ; you get one pound 
for 10 cents 
16 EE 2020 pounds : 520 pounds more than 
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Individual differences exist in the associations which 
Subjects bring to a problem from their past experience. ‘hen 
each of the following responses was given, the Subject knew 
that he was about to begin a problem in arithmetic. He had 
been asked to give for each stimulus word (a) the definition, 
(b) what the word meant, (c) any image that accompanied the 
stimulus, and (d) whatever came to mind connected with the 
word. The following responses show the variation inthe 
wealth of the associations. 


Problem 10 
Stimulus word 


subject Solution Area oguare Perimeter 
20 #wr ong means the a figure with length 
surface four equal around 
sides , 
19 wrong I see a I see a square A,fence 
wheat field piece of wood around a 
fietd 
8 wrong length ar- I don't know area of a 
ound field field = 
breadth, 
height, 


width 

# The ‘wrong' under the heading SOLUTION indicates that when 
the Subject later tried the problem he failed to solve it 
eerreet ly. 
Problem 13 : 
ie aa Stimulus 
Subject Solution Volutme Volume of Sphere Radius is 

12 inches 
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readth, circle, 
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45 Wrong Object with  round,solid eCirele; 
5 dimensions- object ; earth; half diam. 
space occup- something about Diameter 
ied pie ré@ is 24 in.- 
Volume equals Ci Pe.) BS 
Boe wp ioe OE se 22/7 times 
unit of meas- diameter. 
urement 
46 Wrong size; cone; world; rolling centre to 
book object; circumfer- 
diameter, radius, ence ; 
circumference eirele; 
diameter; 
43 Wrong river; vook; stars; sun; plate 
smoke moon; earth; 
apple 
Problem 6 
Stimulus 


Subject Solution Pint Quart Costs 14 cents 


6 Correct 2 pints 2 pints Means the 14 pennies 
equal V/s eal. prie€ 2 nickels and 
1 quart 4 pennies 
a Correct A meas- A ary When find- Amount of 
ure for measure ing what money used in 
milk er used in you have paying for 
gas measur- to pay; milk; 
ing milk 
or oll 
LE Wrong A pint What 1 One quart 
at mile. A @q@uart..auart af costs 14 
of milk miik cents; 
costs; : 
19 Wrong A pint A quart: IT see the Plate; 
of of word on 
Berries water; things in 
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The above examples indicate : 

i. There are great differences in the definiteness of the 
associations that different Subjects bring to a prob- 
lem. 

2e In general, although not always, those Subjects who are 
able to solve the problems correctly have the richer 
and more numerous associations. 

3. Some Subjects think quantitatively more readily than 
others. To some Subjects, ‘quart’ signifies 2 pints 
or 1/4 gallon, while to other Subjects it is a measure 
used for certain purposes, while to yet others it is 
merely a quart of water or a quart of milk. 

One sees certain characteristic differences in the 
habits of thought of these individuals if their responses 
for yarious stimulus words are studied. Consider, for 
example, the responses of Subjects 6 and 19. The table 
below gives their responses to several stimulus words as 


used in this study. 


Stimulus Response of Subject 6 Hesponse of Subject 19 
an hour 60 minutes; 1/24 of a The car went 90 miles 
day an hour. | 
85 rT eo He got 85 on arithmetic. 
Finish You finish your work Il have finished my work. 
To save When you get money to 
money keep it; 
Pound How much it weighs; A pound of cheese; 
lOcents a How much things cost 
pound 
2920 pounds 25 hundred+ 20 pounds I see a wagon with over 
a ton; | 
Quart 2 pints; 1/4 gallon A quart of milk; 
14 cents <« nickels and 4 14 cents worth of bacon 
pennies 
Costs means the price; | The werd ‘cost! on a 
dress; 
Forenoon in the morning; 
Miles 22  plecks te a mite; A car has gone a mile; 


6 years 12 months in.a year; 
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All responses given by Subjects 6 and 19 are reported 
above. It is very evident that there are characteristic 
differences in their respective merits. 

A later section of this report will show that there is a 
parallelism between efficiency in problem-solving and abil- 
ity to respond with meaningful associations to the stimulus 


words presented. 


B. 6. Difficulties Inherent in Reading 


Pupliis must find a preblem before they can salve it. To 


find the preblem one must be able to read with understand- 
ing. The thought must be properly interpreted. a lure to 
recosnize words or inability to interpret the thought will 
be a handicap. Between reading ability and problem-solving 
ability we find age REE correspondence. This is due to 
the fact that we are working with young children who have 

as yet only immature reading habits. From the records of 
adult Subjects who served in this investigation, this corr- 
espondence is lacking. 

Sometimes the sense of a problem is quite disturbed by 
the mis-reading of a single word. Pupil 4 in problem 3 read 
"doll! as 'dollar' and so created for himself this problem: 
" Alice has saved $3.28. How much more must she save before 
being able to pay $4.95 for a dollar". 

Hyery time there,is an error in reading, the difficulty 
Of sraspine the thought of the passage is increased. The 


feadineg errors are illustrated by giving but a few of each 
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of the two general types, (a) Those where the error was in 
word-recognition, and, (b) Those where the difficulty was 


with the interpretation of the thought. 


Subject Problem Errors 
7 hat : had 3; many: ‘much 

is : has 

save : has; being : begin 

is reading <: has reading; that : it 
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In the questioning of this Subject it 
was found that he did not know the word 
‘total’. 
4 3 dolly: edellar 

Difficulty _with Thought Interpretation 

Pupil 5 in problem 2 increased his difficulty by poor 
phrasing in the reading. He put the phrase ‘yesterday 
forenoon' with the second sentence instead of leaving it 
with the first one. The problem was thus made to read,"Jack 


rode 35 miles on his bicycle. Yesterday forenoon he rode 


en solution we find therefore 


35 = 29 = 6." 
Subject 7 who in problem 8 wrote * 85 + 25 = 110" and 


said that there were 110 pages in the book, has not grasped 


the significance of the 55 as given 1 gm problem. 
Subject 6 in problem 11 said that WPA raluc of & Buchel 
was 60 pounds. 
subject 4 in problem 3 said that the problem wanted to 


know how much more than $4.95 Alice had to save. 


Subject 4 in problem 2 did not know that he was asked to 
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find the distance travelled in a whole day, but, thought 
that the words ‘forenoon: and ‘afternoon’ referred to diff- 
erent dayse 

Subject 8 in problems 5 and 16 on two different days made 
the same error. The phrase '7 pounds at 35 cents a pound! 
and '4 pounds at 30 cents a pound’ were interpreted to mean 
35 cents for 7 pounds and 4 pounds for 30 cents. 

With Subject 3 in problem 5 the following conversation 
took place: 

Gos £5 560 Cents the cest of 7 peunds or is it 
the cost of 1 pound? 

Ae: Thirty-five cents for 7 pounds of candy. 

Q.: Does the problem say that you get 7 pounds 
fer So cents or that you get 1 pound for 55 
cents? 

A.: Seven pounds. 

®-: Lf you give the storekeeper 355 cents, how 
much candy will he give you? 

Ae: Seven pounds. ( 

In some instances the thought may be correctly gathered 
at the time of reading, but, interpretation is not suffic- 
temtly efficient to.ensure that the correct ideas will: be 
held in mind. For example, Subject 17 in problem 12 was 
asked to find the cost and he estimated that the answer 
Should be about 108 feet. Subject 12 in problem 7 was ask- 
ed to find ‘how many hats' and he estimated the answer to 
be $72.00. 

It should be borne in mind that pupils may read a prob- 
lem and extract the thought from each part, but the inter- 
pretation which they put upon the problem is not the one 


that was intended by the writer of the problem. The child 


draws upon his past experience with language and gives to 
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words the meanings which have been attached to them in his 
past thinking.e One Subject read problem 4 and put his own 
interpretation upon the words ‘have taken’. To him ‘take! 
meant ‘to eanry to a place'. He therefore solved problem 
4 as follows: 220 + 80 + 94 = 394. Naturally if there were 
220 seats anywhere and 174 persons take 174 seats along there 
must be 394 after such an increase. This rather unusual ex- 
ample serves very well to show how very difficult it is to 
know what is going on in the child's mind as he attempts to 
solve a problem. Perhaps at many times the teacher is try- 
ing diligently to explain the method and the method being 
explained is not the one that the pupil can adjust to his 
thinking concerning the problem. 

Difficulties in interpretation are sometimes revealed 
in another manner. No apparent weakness can be discovered, 
for, although the Subject does not appreciate the full 
meaning of the content, he has a certain word-knowledge 
about everything in the problem. A greater measure of an- 
alysis can be forced by having the problem re-read. This 
point was well illustrated in the behavior of Subject 7 in 
problem 7. His first written solution gave $72.00 instead 
of the required 8 hats. The Subject was required to re- 
read the problem orally twelve times. He was then asked 
to explain the problem, when it was discovered that he had 
not yet analyzed it. Re-readings thirteen to thirty-two 
inclusive followed, after which he said, " Add 24 to 3 to 


get the number of hats". Hight more re-readings were de- 
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manded after which the Subject said, “ I should find how 
many three's there are in twenty-four". In this instance 
forty oral readings were required to give the Subject com- 
plete understanding of the problem. This Subject's attitude 
toward problem-splving was wrong. He could pues chr ecet 
the same results with the expenditure of much less energy. 

Subject 8 in problem 8 exemplified the same type of de- 
ficiency. A wrong solution was offered after the first 
reading. At what point in the re-readings the analysis 
was made was not determined, but, after fourteen oral re- 
readings, a correct solution was given. 

Re-readings before attempting solutions do not have the 
same effect upon analysis as do readings after errofeous 
solutions. Many Subjects, among whom were included 7 and 8, 
were required to re-read certain problems several times be- 
fore solving, but, correct solutions did not come with the 
first trial. Problem 7 reported on above was re-read by 
Subject 7 four times before the first solution was attempt- 
ed. Probably forty re-readings would have forced analysis, 
but the evidence favors the view that the attempts at sol- 
utions prepare for the later analysis by raising certain 
doubts and guestions in the mind of the Subject, and by con- 
vincing him that he has not gathered the full meaning from 
the written problem. 

At the age-level characteristic of the intermediate 
grades, those Subjects for whom problem-solving presents 


the fewest difficulties are those in whom reading habits 
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are most mature. There is a correlation between rate of 
reading and correctness of solutions. Those pupils who at 
this age read most rapidly, also solve the problems most 
successfully. Those problems which by a given pupil can 
be read most fluently are, on the average, solved more 
successfully than are those which present greater diffic- 


ulty in reading. 


Bowie Difficulty in Reading the rical Farts of 


An error in reading may be due to the numerical part of 
the written statement. This error may be corrected during 
later re-readings or it may go uncorrected. In the former 
cases it has no direct bearing upon the written answer, 
but in the latter cases it affects the solution. 

Simple errors of the first sort were 

subject Problem Error 


4 Read 80 as 8 

Read 220 as 200 

Read 220 as 22 

Read 12367 as one hundred and twenty- 
three ------ 

Read $3.28 as $3.20 

Read 12367 as twenty-three hundred 
and sixty-seven 

Read 12367 as twelve hundred and 
sixty-seven 
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An example of an error of the second sort is taken from 
the work of one Subject in problem 5. This Subject read 
05 as 53, did not correct the error on the second reading 
and used 535 cents in his written solution. 


Former investigations show that pupils tend to read 
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problems twice, once for the words and a second time for 
the digits. Subjects who slight the digits on the first 


reading may make many errors of the first type named above. 


This deficiency appeared sometimes in the solutions of 
the problems but most frequently in the oral questioning. 
In the solutions of the problems the following words and 
expressions gave difficulty: area, perimeter, cube of rad- 
ius, 45 cents a pound and square yard. In the oral quest- 
fomims diffieulties arose in cannectlon with each ef the 
follewing: cube of the radius, perimeter, seven-eighths, 
area, square (rectilineal figure),minus, sum, difference, 
bluc, 49 Gents a paeund, total, square root of a number, 
square of a number, diagonal of a square, diameter and 
cain. 

Ft would be very surprising if errers such as the above 
had not been found. These words and expressions are used 
technically and sometimes they have arbitrary meanings in 
their mathematical setting. For example, the meaning of 
"square yard' is something more than that conveyed by the 

component ideas of square and yard, because certain ideas 
| of eGuivaleuce are introduced. Similarly the ‘cube of a 
number' cannot be derived directly from the meaning of the 
simple word 'cube'. The expression '45 cents a pound! 
and the omission of ‘for' caused worry to more than one 
pupil. 


TWe meaning of the simple word ‘gain' cam be transferred 
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to its new setting only when the Subjects see certain re- 
lationships that exist between the selling and the cost 


prices. 


B. 9. Lack of Experience in the Business World 

Lack of experience in affairs outside the school showed 
itself in four types of errors. These were : (1) In check- 
ing the value or price of articles bought, (2) In estimat- 
ane the number of articles of known value that could be 
bought for a given amount of money, (3) In lack of apprec- 
lation of the size and relation of the denominate measures 
Gn tme part ef Subjects whe had memorized the tables of 
measures, and, (4) In lack of certain, practical, work-of- 
the-world information. 

Examples of type (1) are as follows: One Subject in 
problem 12 got $720.72 ag the cost of the linoleum that 
would be needed for a kitchen floor. The writer said, 

» Do you think that &720 is about correct as the cost of the 
ijeoleum for a kitenen fioor " and ta the question, the 
Subject replied, "Yes". Subject 4 in problem 7 thought 

that if he were buying a man's hat he would be required to 
pay about 25 cents for a cheap one and about 30 cents if 

he wanted an expensive one. Subject 18 thought he would 
have to pay about $45.00 for a good hat. There are also 
great variations in the values placed upon the 2520 pounds 
@f wheat in problem 11. Subject 12 got $342,800.00; 

Subjecet 14, $211,680.00; Subject 17, 4588000 and Subject 


20 only $3528.00. Subject 6 of grade 1V is a very able 
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student. His solutions for problems of his grade were of 
unusual merit, yet in estimating the value of this wheat 

he placed a value of $10.00 upon it. When he tried to give 
a written solution he obtained $1312 but said he thought 

it should be about $2500.00 . When the $10 and the $2500 
estimates were later considered together, this Subject said 
frankly that he did not know which amount would be more 
nearly correct. 

An example of error type (2) is the statement that 800 
hats costing $3 each could be bought for $24.00. The 
subjects who made errors of this sort could be made to 
realize their errors if they were challenged twe or three 
times, but, invariably the first questioning aroused no 
doubts. One might argue that we have here lack of attent- 
208. ©.rrobably iso, but; may mat the inattentian be the sign 
of an absence of experiental hana 

In dealing with denominate measures there are many err- 
ors that show a lack of familiarity with the units talked 
about so glibly. Subject 12 indicated what she thought the 
size of a bushel measure would be. It was less than that 
of a gallon measure. To Subject 14 a square yard is an 
area about 1/36 of its natural size, and a square foot is 
ef dimensions 3 inches by 5 inches. Subject 15 indicated 
what the dimensions of a 7 pound box of candy would be. The 
imaginary box would contain about 3/4 of a pound of ‘sweets". 


Subject 13 in problem 36 got 53 miles as the distance the 
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car would go on 1 gallon. This result did not prevent him 
from estimating that a Ford car could go about 9 miles ona 
gallon of gasolene. 

In the questioning on the problem, " Milk costs 14 cents 
& @uart, what do 2 quarts cost?", it was discovered that 
Subject 4 knew no money coins except 'coppers'. The five and 
ten cent pieces were umknown. A lack of familiarity with 
money was responsible also for the failure of Subject 2 on 
the problem, * I bought 2 bicyele for $18.25. 1 spent $3.90 
on repairs. I then sold it for $24.00. How much money did 
I make?", for she said, pointing to the $18.25, "I cannot 
understand all this money“. This same Subject understood 
problem 3 which was of like nature but involved smaller sums 


of money. 


These and other examples prove that our Subjects are ) 
C 
> 


A 


being asked to solve problems concerning which thew do not 
have complete understanding. Wide experience ies a back- 
ground of information and comparative data which may be 
used later in problem-solving. | 

Weile tack ef experience is a handicap in the solutien of 
practical problems, 2 pupil may have had the past experience 
and then use it to his own disadvantage. Subject 12 drew 
upon his past experience for certain informatiom instead of 
getting it from the problem in the ferm in which it was to 
be used. The problem said that 10 pages of a book were 


being read per hour but the Subject said that sometimes it 
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took over an hour to read a page and he let this truth affect 


his treatment of the problem under consideration. 


Be. 210. Confused by Large Numbers 


Problem 5 read : " Find the cost of 7 pounds of candy at 
35 cents a pound". After this problem was worked each Sub- 
ject was asked to solve, “ Find the cost of 12367 pounds of 
coffee at 47 cents a pound". The different methods followed 


by three Subjects in the two solutions are given below. 


Subject Method in Problem 9 Method in Special Problem 


2 So €ents x 7 Find how many 7's there 
are in 12567. 
a2 SS x's Find how many 7's there 
are in .22567. 
1 Added a column of 
seven 35's pubtracted. 47 from 123567. 


Subjects who have a perfectly generalized manner of deal= 
ing Poth 3 given type of situation are not disturbed by the 
change in magnitude of the numbers involved. A given meth- 
od may be associated with certain types of situatious wicE 
in the experience ef the child have been limited to certain 
limited ranges ef information. If the idea of, say, 'Given 
tae price ef Lk article, find. the priee of any number. of 
articles' has not been abstracted from its particular sette- 
bags, the mere change of numbers may convert 2 familiar 


type of problem into an unfamiliar one. 


B. li. Errors in Analysis into Knowns and Unknowns 


Nine kinds of errors were made by the various Subjects 
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in naming the knowns and unknowns. As these are named 


examples of each are given. 


1. The classification was correct as far as it proceed- 
ed but it was incomplete. 


Subject Problem Error 


18 10 Said that perimeter was the only 
known element. 

13 8 ‘Omitted the rate of reading as one 
of the knowns. | 

10 a Said that the only known was $3.28 

Ley oo 

and 14 11 Said that the only known was the 


price per bushel. 


20 ina two-step problem the knowns and unknowns of only 
the first step were isolated. 


Subject Problem Hrror 


PE) 12 said that he was asked to find how 
much linoleum was needed, whereas 
he was asked to find the cost. 

13 4 The Subject estimated the answer to 
be 40 pages instead of 6 hours. 

The first step in the solution was 
attempted mentallyand the second 
part of the problem was disregard- 
ed. 


Se Names a known as an unknown. 


subject Problem Srror 


12 5 said that one unknown was ' How 
many pounds are there?'. 

4 3 paid that the cost of the doll was 
unknown. 

9 8 Named ‘How many pages she reads in 


an hour' as an unknown. 
4. Names an unknown as 2 known. 


pubject Problem Error 


48 LO said that the area was one of the 
knowns 

yee 

19,235 4 Gave ‘How may seats are empty' as 


one otf the knowns. 
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8,135 3 ‘How much more she needs' given as 
a& known. 

19. 5 ‘Cost of 7 pounds’ given as a known. 

16 7 'The number of hats for $24' given 


as a known. 


The entire written content of the problem given as 
known. 


This happened with Subject 48 in problem 13, with 
Subject 9 in problem 5, and with Subject 2 in prob- 
lem 5. 


What the Subject knew or did not know was taken as 
the known or unknown. 


Subject 22 worked problem 7 mentally. She therefore 
knew that the answer was 8 hats. Instead of naming 
the correct knowns and unknowns she gave as her classe- 
ification : 

Knowns: Cost of 1 hat; Cost of 8 hats. 

Unknowns: Find cost of 8 hats. 


The written solution or the oral answers reveal the 


fact that the Subject has proceeded to a solution 
without determining the knowns and unknowns. 


Subject 3 gave "72+55 = 107 miles" as the answer to 
the problem "Jack rode 72 miles yesterday. He rode 
55 miles in the forenoon. How far did he ride in the 
afternoon?". 

Subject 4 said that the unknown in problem 7 was 
* How much it cost all together?'. The unknown is 
‘How many hats'. The Subject has not taken the 
trouble to determine what the knowns and unknowns 
are. He merely invented or filled in the type of 
unknown that he had found attached frequently to the 
buying situation. 


Classification was definitely wrong. 
pubject Problem Lrror 


9 2 The knowns given as : afternoon, 
forenoon, 35 and 29. 
fa 5 The known as 7. 


irrelevancy in the response. 


subject 9 said that in problem 4 the knowns were: 
80 men, 94 women and the answer. 
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There are very great differences in the clearness with 
which different Subjects found the real problem and in 
the reasons which they gave for their methods. Illus- 
trations from the solutions given for problem 4 will 
make this evident. One Subject wrote as follows: "A 
train has seats for 220 persons. After 80 men and 94 
women have taken seats there are left 220 - 174 = 46 
seats left. I first wrote that a train had 220 seats in 
it. Then 1 said that 80 men and 94 women got in it. 
Then I told how many seats were left. To do this I sub- 
tracted". Another Subject from the same class said ; 

e220 I got 394. I added it because that what I 

ee could do it the best." 

594 
A third Subject gave as his work: 
Pace I did addit and it might be it but I am not 
294 sbhere ef it. Or yeu should subtract it or — 
multiply." 
Yet another Subject said: 

aes 3) The reason I did the problem this way was be- 

a cause it was easier. The 174 seats means the 

amount left of seats." 

When some Subjects attempt to solve problems they are 
not definitely conscious of the known and unknown elements. 
sp heees es tere Ge analy ee the problem leads to 
wrong solutions, but, frequently it does not prevent a 


Subject from arriving at a correct answer. Particular 
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problem settings call forth directly appropriate methods 
of treatment. Are problems so frequently given in con- 
ventional and stereotyped forms that pupils are able to 
recognize types at sight and are able to deal with them 


according to rule 


en be Analysis not carried to subordinate ideas. 
——— 


The errors that have been assigned to this class were 
found in (a) the written solutions, (b) the general | 
questioning, or (c) a special test where the selection of 
methods was investigated. Lack of analysis in each of 
these three fields was due to several causes, each of 
which is exemplified below. 

(a) Errors in written solutions 

| Problems 4 and 8 were two-step problems. Phere were 
very many instanees where the first step of each was taken 
correctly but all work stopped at that point. in problem 
4 the 80 was added to the 94 and the sum named as the num- 
ber of empty seats. In problem 8, the 25 pages already 
read were subtracted from the total 85 pages and the work 
proceeded no further. This same error was found in the 
work of six Subjects. 

Subject 7 in problem 4 added 80 to 94 not because the 
total number of persons had to be found before the solut- 
ion could be finished but because of the word ‘and' be- 
tween the two numbers. The problem read '80 and 94! and 


the wording gave the cue. Analysis was not necessary. 
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In problem 10 more than one pupil took 60 x 60 instead 
of 15 x 15 when finding the area of the square. The Sub- 
jects failed to think of the meaning of the word ‘perim- 
eter',. The word ‘perimeter’ stands for something that can 
be broken into constituent parts and the required analysis 
had not been made. 

There were a few instances where the wrong operation 
was performed upon the numbers in the problem. Ina simple 
one=step problem the two numbers were sometimes added in- 
stead of being subtracted. The Subjects read accurately 
but immediately forgot the relation of the two numbers to 
the item which was to be determined. 

Carelessness in reading led one Subject in doing prob- 
lem 8 to divide 85 by 10 to get 8 1/2 hours as the time 
required to complete the book. 

(b) Errors in selection 

Subject 17 read problem 7 and in advance of his sole 
ution had a vague idea of the time that it would take to 
read the baie: When in his solution he came to 60 and 10 
and these two numbers were to be divided, he multiplied 
them because he said he knew that it would take a long 
time to read the book. 

Subject 14 was mot critical of her methods and did not 
analyze the situation to make sure that the operation to 
be performed was the correct one. She said that if 7 
pounds cost 35 cents, one pound would cost 7 times 35 


cents. This error was due in part to a lack of attention. 
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Some errors in selection were due to lack of care in 
thinking about the conditions of the problem. Subject 19 
in problem 8 said that it would take Alice over an hour 
to read a page. The concrete situation is not pictured in 
a Subject's mind when gross errors such as this are made. 
The problem stated definitely that Alice was reading 10 
pages an hour. Similarly Subject 3 in problem 3 stated 
that to pug the doll for $4.95 one must save $4.95 + $3.28. 
The Subject does not sense the buying situation when he 
makes such decisions. 

(c) Errors made in the general questioning. 

One interesting type of error occurréd here. Two Sub- 
jects gave correct written solutions for problem 12. The 
method followed was that of first finding the area in 
square feet and then changing the square feet to square 
yards. in the questioning period the Suojects were asked 
if the problem could be worked by taking the length of the 
sides, changing them from feet to yards and then proceed-= 
ing from this point to find the area. Both Subjects re- 
plied in the negative. The Subjects had formed a habit of 
analyzing problems of this type ants oped manner sand they 
failed to carry through an alternative analysis when the 
latter was suggested. | 

Subject 9 ae ee sensitive to suggestion. Without 
analyzing the proposition submitted, a wrong method would 
be accepted readily. Regarding the problem, " If a quart 


eof milk costs 14 cents, find the cost of 1 pint", the Sub- 
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ject was asked if he would add 2 to 14 because there were 
2 pints in 1 quart. He said, "Yes" and proceeded with the 
suggested addition. 

In a few instances laziness appeared to be the only 
reason for not evaluating ideas before accepting them, 
Subject 9 was asked in problem 8 how long it took Alice to 
read one page and he replied, "Sixty". The only reason 
for replying with sixty was the fact that at that moment 
the solution had progressed to the point where he had sub-= 
tracted 25 for 85 amd 60 seemed to be the only number that 
was conveniently at hand. 

Findings with respect to the forcing of analysis 

When a Subject nee not analyzed a problem carefully 
there are various methods of forcing the amelneta: -ixe- 
amples of this that were found in this investigation are 
illustrated below. 

(1) Direct Questioning. Direct questioning is probably the 
most common method of getting the desired analysis. It 

is so common that examples need not be given. 

(2) Re-reading the Problem. Under the heading ‘Errors in 
Reading! illustrations were given to showthe effect upon 


analysis of having the Subject re-read the problem. 


(3) By Having the Subject Explain the Reference of all 
Numbers that are used. 


One Subject in problem 10 wrote 60 x 60 = 5600 sq.ft. 
¢ 
The wréter asked him to explain what each number repre- 
sented. As soon as he had to label his numbers, he said, 


" I shouldn't have two 60's". The defining of the 60 drew 
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to his attention the fact that it was something differ- 
ent from what he had called it. 

(4) By Use of Diagrams. Subject 14 was the only one ser- 
ving in this investigation who used diagrams and graphs as 
aids in problem-solving. This Subject was found to be very 
deficient in knowledge of the number relations. Correct 
answers were deduced often in spite of the fact that rel- 
ations were not seen, because of the aid given by the 
diagrams. 

Subject 31 was having difficulty with the problem," Di- 
vide $125 between two boys giving one boy half as much 
again as the other". He gave as his solution: 

" How much does each get 
ist Boy 125 + 2 = 62 1/2 + 1/2 of 62 142 = 31 1/2 + 
62 1/2 = $5 3/4 
2nd Boye 1/2 er ‘G201/ 2) = ‘S174 
Therefore the first gets 93 3/4 2nd = 31 1/4. 
The following questioning took place: 
Q.: Draw a line to show how high the pile of money 
would be if you gave the first boy his share in 
20 Gent pieces. 
Ae: A line was drawn as follows: 
Qe: If the other boy gets half as much again, draw a 
line to represent his pile. 
Ae: A line was drawn as follows: 
Without further questioning, the following solution was 
written : 
2/5 ef $125 — $50 3/5 ef $225 — $75. 
It is evident that the Subject gained from the questioning 
and the use of the graph a general notion of the relation 


between the two unknowns of the problem, for, without 


further assistance he proceeded as indicated with the 
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following problem: " Divide $35 between two boys giving 

one 1/H legs than the other". 

Solution: " 23/7 of $35 = $15 
4/7 of $35 = 


(4) Imaging the concrete setting of the problem. 
Subject 24 was given the problem," At 6 cents a pound 


find the value of 864 bags of coffee each weighing 150 


pounds." The first two written solutions offered were ; 


(a) 1 1b 864 (b) 864 
130 + 130 
26920 994 
864 Xx 6 
$355.60 $3984 


Then came the following discussion: 


Q-e: What did you see when you were working the prob- 
Lem? 

A.: The figures (meaning the digits). 

( The Subject was asked to close her eyes while the 
problem was read aloud to her.) 

Qe: What did you see? 

A.: Nothing. 

( The Subject was asked to close her eyes again, to 
listen to the story told her and to try to see all 
the story in picture form. This simple story was 
told to her. " The little girl standing in the door 
has a pretty red rose in her hand".) 

Qe: What did you see that time ? 

Ae: A girl in the door. She has a red rose. 

( The Subject was practised on two or three similar 
stories in an attempt to get her in the habit of 
imaging the concreté situations of the problem. The 
original problem was then read to the Subject and 
she was asked to state what she saw when her eyes 
were closed. ) 

Q-: What did you see in the picture? 

Ae: A whele room full of sacks. Each bag was about as 

big as a sack of potatoes. A little paper bag full 
about this high. 


Written attempt number three followed at once: 


Ge) bse 864 
6 $7.80 
37.80 65120 
6048 
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There is a mistake in multiplication but the situation 
and content were correctly analyzed in the attempt to 
image the problem setting. 


(5) Analysis is forced by imaging the units of measure- 
ment used in the problem. 


To the question, “" If wheat is worth $X a bushel, how 
much money should I get for Y pounds of it?", Subject 18 
replied " Divide x by Y and then multiply by ----- Oe.) ene 
Subject was asked to think of the size of a bushel of 
wheat and to indicate what he thought it would be. His 
imaginary bushel was cylindrical in shape, i foot in dia- 
meter and 3 feet high. He was asked to indicate the vol- 
ume of 1 pound of wheat. The estimated cylinder was about 
6 inehes in diameter and 5 inches high. Following this 
discussion, the Subject said, “ The way’ to do’ it is to 


divide Y by 60 and then multiply by xX". 


Bo. 13. Failure to Establish Relationships. 
ees ESE FO bbe BEL Se BE 6S VL ONSh Vs 


Failure to establish relationships is not to be consid- 
ered as a simple cause of error nor as a cause which we 
aye mot touched upon earlier in this report. If a pupil 
were efficient in establishing relationships he would be a 

very efficient problem-solver if he could but identify the 
operation needed to fit each problem. Under the present 
heading are grouped many deficiencies in which appear weak- 
nesses in argument and deduction when the Subject is in 
possession of the specific data required. No attempt is 


Made to arrange the errors in thexorder of their importance. 


OL tooiduG .,"FFi- 36 ebrwog, ¥ Lot ene I bivose y9Kvoat = 
on? ,"a---- yd viqitiom nom Sos Y yo Xx ebivic. # Sottaen, a 
to ledaud s to,a8ia Ssdt io ansdd ot Hotes gow dootdue ie 

ati .od binow ti-seswort sd tadw i ile ot ‘bate teodn) é 
wath wt toot g vedetle at Leo0ithnt lx sy forland vish tSeme a 
~fov ont otectbat od Hotes esw OH .Aptd soot € Das set ou 
tuods exw t9bailyo betemiteas ent? ates sw to bemog Lo “7 Sis 
elit siiwollo® .iigid eosdont ¢ é brs tev onus Eb sek eorlonk | 

os et di ob o¢ yew oat" bios dao icws end. sotecuoedd iat 
«"X yO Vloltiom nent hans OF. wi a ebive ae ‘ 

a m, 


a. 
Pie \ 


=kettos od of ton ak ee, ee detivates ot oul bet e . Ve 


ow Moitw. oeyso s e5 TOM TOXx to 9ELEO oLame & Be bes t , r 
tiguq = tf .ttocet sidd ot tolites mogs botonod Ton av ‘ 

& 9G Liver of egiionoitelbs artdetidaseo ui tmotostts “a 
oid YIisnobt tud bLoos on Vt tevLoe-=moldoxg dia 
dmonstg od aohbnU .meldorg does ti of bohoot Holder 6 
“tseew tseodge cOiaw ot vo tdrstoktob Une doqvoty — cod _ ie 
nk <i Soojene gn’ nonw noksonbeb bac suommate bs i 

et her da of “, botiupst ateb offieoga ont $0; 
TERA ified to sobs) Od hi vexorte ad? caneai & ot 


ol 


¥ (1) The inability when solving one-step problems to see 
the relationships that would appear if in the equation 


form 5° * Ye 42, or t= 2 = Y, 


Subject 1 was asked “ If you knew how many seats 
were on a train and you knew how many seats were taken, 
how would you find how many seats were empty7". The reply 
was, “ Subtract the number empty from the number full". The 
relationship here is that expressed by the equation X = 
Ze- Y but the Subject expressed it as X - Y= Z. Similar- 
ly Subject 2 in problem 3 said that Alice needed to save 


more than $4.95. She gave the relationship as X+()=,2 


when it should have been X- Y= @Z. 

The inability when solving one-step problems to see the 

2) Se eee ee ee 

aaa 

To f£ind the price of.7 pounds ef candy..at 35 cents a 
pound, Subject 1 said that you should divide 35 by 7 to get 
the answer. The correct form would be XY=Z but the Subject 
gave X/Y = Z. Subject 4 said that 7 pounds cost 35 cents 
and that therefore 1 pound would cast 35 x 7. The Subject 
is wrong here in the primary assumptions but the argument 


Shows the same error as does the first one mentioned. 


(3) The same inability as named in number (2) but in this 


VA instance the one number is derived from some other unit 
and altt although the Subject ha: the Subject has the the necessary ir informat- 
ion, this extra item must be held in memory. 


In reply to the question, "If you know the cost of 1 
Quart of milk, hew do you find the cest of 1 pint * Sub- 
geese 4 sata ” Add the cost of 1 quart to the cost of 1 


pint". As in number (2) above the true relationship is 
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expressed by X = Y/2 and the pupil gave it as X + Y/2 =( ). 

Here the number 2 must be held in mind after the necessary 

relation of the pint to the quart has been established. 

(4) Where the relationship is expressed by X=Y/ Z. 
Subject 1 was asked how many $3 hats could be bought 

for $24 and he replied 24 times 3. The relationship was 

seen as X = Y x Ze 

(5) Relationships existing between the subtrahend and the 
eraser ue csite veliea wot eonsideved).7 77 
Subject 4 in problem 1 said " Take the most away from 

the other one“ when asked how to find how much one is older 

than the other when the ages of two boys are given. In- 


stead of X - Y=Zhe gave Y-X=Z. 


(6) In two-step problems the relationships in one part may 
be seen though those in the other part remain undis- 
covered. 


Problem 4 involves the relationship, X + Y= Z ( 80+ 
94 =Z ) and 220 - Z=X. Subject 2 in solving this prob- 
lem proceeded as follows: 94 =- 80 = X. The Subject has 
somehow sensed the correct operation to be performed in 
the second step but he does not see the relationships that 
are determined by the first equation. 

subject 4 makes the same general type of error when he 
proceeds thus: 220 + 80 + 94 =X. Here the first step is 
correct and the second is wrong, as the work is equival- 


6nG “be 60 + “G4= "Zip .220 (4 2 Ke. 
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(7) The application of the rule of three in proportion. 


The correct formois: heres K 2: °¥Yor:e2Zi200(-)sy Problem 12 
gives the value of a bushel of wheat to be $1.40 and asks 
for the value of 2520 pounds. The solution is of course 
60 : $1.40 :: 2520 : X. Subjeet 20 gave the following: 


"60 pounds is worth $1.40 
2520 pounds is worth 2520 x $1.40 = $3528.00 " 


Differing from this example only in the generality of 
the statements is the problem "If you know how far a-car 
goes on 8 gallons of gasolene, how can you find how far it 
Wilt go on S&S galtens7". The Y is here given a specifie 
value but the principle remains the same. Subject 19 gave 
the following argument: 

" 8 gallons takes him 160 miles 
1 gallon takes him 160 + 8 or 20 miles i 
4 gallons will take him 160 = 3 or 53 1/3 miles." 


(8) Two unknowns determine the relationship between X and 
Y but one of them is overlooked. 


In " How do you change pounds of grain into bushels 
of grain?" the unknowns are (a) What operation is to be 
performed?, and (b) How many pounds are there in a bushel 
of this particular kind of grain? Subject 49 said, " Dive 
idé by 60" thereby showing that the unknown (b) had been 
overlooked. 


(9) 


of this list. 


Particular business applications of (1 


X # Y = Z becomes Cost Price - Loss = Selling Price 
in (eertain situations. In the problem “ A boy sold his 
bicyele for $32. He lost 1/9 of what he paid for it. What 


did it cost him?", the situation is complicated because of 
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the presence of a fraction. It is worth noting that Sub- 
ject 14 instead of seeing that Cost Price - 1/9 Cost 


Price = Selling Price, gave as her solution the following: 
* 9) 32 52 

3 5/9 3 

35 


it] 
5/9 
5/94 
(10) Inability to deduce the relationship between two units 
of square measure when the relationship between the 
corresponding linear units is known. 


Subject 14 knew how many feet there are in 1 yard but 
he did not know how to deduce from that the relation of a 


square foot to a square yard. 


(11) An equivalent correct method is refused because it is 
not seen to be equivalent to the particular one used 
by the Subject. 


To find in square yards the area of a rectangle 12 
feet long and 9 feet wide, one may proceed by either of the 
following methods: 


(a) 12x9=108; 108+9=12. There are 12 square yards. 
(b) 124324; 9433; 4x3=12. There are 12 square yards. 


Subject 14 used method (a) but in the discussion that foll- 
owed he denied that method (b) would be satisfactory. 


(12) The table of denominate measures is memorized but 
the actual relation between the measures is not known. 


In response to the question, “ Should you divide by 
60 or multiply by 60 to change pounds of wheat into bush- 
els of wheat?" Subject 17 said, “ Multiply by 60" showing 
inability to apply the denominate number fact that was 


given. 
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(13) Does not see the relation between certain parts of 
geometrical figures. 


Subject 11 who gave 30 x 30 as the answer when find- 
ing the area of a square of which the perimeter eee. 
feet, did not know the relation that the perimeter bore 
to the length of one side.( Neither did he know the relat- 
ion of the unit of area to the linear unit.) 

It was stated earlier in this report that the presence 
of fractions .complicates the problem of seeing relation- 


ships that exist. The following examples illustrate this 


fact: 
Subject 16 had great difficulty in seeing the relat- 


ionship that existed between 8/9 and 9/9. As he was worry- 
ing over the problem he was asked to think aloud. His 
monologue ran as follows: " He lost 1/9. The $32 is 8/9. 
Dual eam’ tfind 1/9\.6f 32. /1f eeuld find.1/9 ef the cost 
Il would multiply by 9 and get the answer. Hight goes 
into thirty-two four times. That would be 1/9 of it. The 
$52 is 8/9 of it. If I divide 8 into it well ---- that 
shows me how many ninths there were. No. I1t shows me how 
much 1/9 of it is. The cost of the bike was $36.00". 
Subject 14 after drawing a line as to 
represent the cost price, and after cutting 1/9 from it to 
represent the loss, was yet unable to identify the $32 
with 8/9 of the line, although she realized that the sell- 
ing price was 8/9 of the cost price. Two facts were held 
in isolation, (a) the selling price was $32, and, (b) the 


selling price was 8/9 of the cost price. 
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« 14. Lack of Imagery 


We have already seen how the imaging of the concrete 
situation wie in the analysis of a problem. There are 
certain instances where the errors would have been avoid-= 
ed had this imagery been present to aidthe Subject. Sub- 
ject 12 in problem 7 chose as the required method " The 
number of hats would be 3 times 24" after giving a written 
solution where she got $72 as the required number of hats. 
The Subject was asked to close here eyes and think of the 
problem that would be in the mind of the lady who went to 
purchase the hats. When this was done she said that she 
would get 8 hats. Subject 22 estimated that at $1.40 a 
bushel, a load of wheat was worth $5.20. Subject 14 est- 
imated that in problem 12 the linoleum for the floor would 
cost only $3.00, showing that he failed to image either 


the floor or the unit area of one square yard. 


w 


- 15. Inaccurate Graphical Aids lead to Errors. 


This error occurred because the Subject was required to 
use a graph. He was not perturbed by the meaning of a 
straight line graph but the analysis that should accompany 
its use had not been made». Subject 15 attempted to use a 
arph line that would illustrate " 1/4 of the work was done 
in 3 days". The supposed quarters of the line were far 
from being equal in length and this led the Subject into 


serious trouble later when he returned and based certain 
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calculations upon the measured length of one of the un- 
equal segments. 

Few Subjects used graphical aids to assist them in 
their analysis of a problem. In the work of 52 Subjects 
as given for over three hundred problems, there were but 
eight single problems for which any graphs or diagrams 
were drawn and these eight different diagrams were used by 
seven different Subjects. No single Subject had formed 
the habit of using graphical analysis before attempting to 
solve a problem. The relation of the ability to draw 
simple line graphs and the ability to solve problems is 
such that pupils who are most expert in the former are 
also most expert in the latter operation. 

When co ee forced to use a graph in analyzing 
a problem great individual differences are seen in the de- 
grees to which the lines drawn actually represent the mag~ 
nitudes in the problem. Relative to problem 4 all Subjects 
were instructed as follows: " Draw a line to show how many 
seats there are on the train. Draw one to show how many 
men got on the train. Draw one to show how many women 
got. on the train. Draw one to show how many seats were 
left empty". The responses of five Subjects gave lines 


that were of the following proportionate lengths: 


suaject Line bi Line 2 Line 5 Line 4 Average per cent Error 
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Subject 16 solved problem 2 correctly but drew a graph 
line for Dick's age that was longer than the line repre- 
senting John's age. 

Subject 20 gave a correct solution for problem 4 and 
then drew the four lines in the relative lengths 36: 25: 
50: 12. 

Subject 17 gave a perfect solution for problem 8 and 
then in the graph stated that the portion of the book read 
was about 35% greater than the 60 pages that yet remained 
to be read. In problem 7 this same Subject drew a line 26 
units long to represent the cost of 8 hats and then a line 
ZG units long to represent the cost aft 1 hat. 

These examples show once more that there are various 
ways of arriving at an analysis of a problem. These Sub- 
jects have other ways of seeing that certain relationships 
are involved. Their failure was not due to the fact that 
they did not know what was demanded in the graph. 

As pupils get older and progress through the grades, al- 
thoughf they do not actually use graphical aids, they in- 
crease in ability to use them upon demand. This is due 
to growth in ability to analyze problems. Of the 23 Sub- 
geets who attempted problem 4, twelve got a correct sol- 
ution en the first attempt, while eleven obtained incorrect 
answers. The percentage error in length of the lines 
drawn in all the graphs was for those who got the answer 
correct 45.6, and for those who got wrong answers it was 


108.8. The average deviation for the first group was 29.3 
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and for the latter 33.6%. 83% of the first group had lines 
2, 3 and 4 of the correct order of magnitude but only 55% 
of the latter group succeeded to this same extent. There 
is a correspondence here between success in problem- solv- 
ing and the correct use of graphs. Is it that those who 
can solve problems happen to be those who understand the 
use of graphs or is it the case that the real parallelism 
is between problem-solving ability and degree of analysis, 
which merely happens to be measured here by the particular 


method under discussion? 


C. 16. Incomplete Notions Concerning the Operations 


The data relating to this topic will be presented sep=- 
arately for each of the four fundamental operations and 
Will relate in order to addition, subtraction, multiplic- 
ation and division. 

Incomplete Notions Concerning Addition 

several Subjects were asked when they would add two 
numbers that they happened to find in a problem. The an- 
swers revealed whether they knew the meaning of the oper- 
ation of addition. Subjects 15, 16 and 23 answered corr- 
ectly with replies such as the following:" To find the 
total". Subjects 18 and 20 said that they would add when 
they wanted to find the cost of two or more things. Here 
one special sort of situation was singled out as demanding 
the addition operation. A few Subjects seemed to be unpre- 
pared for the business of selecting the situations and 
“merely stated that they added when they were given adding 


questions, while Subjects 2 and 7 said that they added in 
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problems when they wanted to get the answers. Subject 3 
had replaced the main notion inherent in addition by an 
associated one. He had been told repeatedly to add only 
numbers that were of the same denomination or unit so he 
said he would add two numbers in a problem if they were 
both of the same sort. Subject 13 said he would add the 
numbers when he wanted to mulfiply them, which proved to 
mean that he had in mind the explanation of his teacher 
that multiplication is but a new way of adding. 

The following examples show that the meaning is under- 
stood but that the application is not identified. 


pubiect. d..ProblLem..d .: 


Q.: What does subtraction mean? 

Ae: Take away. | 

®-2 £9 this problem what.are you, trying to find? 

Ae: How much more she needs. 

@-: How do you find it? 

Ae: Put down the numbers. 

O.:. Yes, bub, should, you multiply, subtract, .add .or 
divide? 

Az Idon*t know. 


SubPeeb. 25.6 COOLem 2. 


: ee Subject tried to add something to $3.28. to get. 
$4.95. 


Q-: What are you doing here? 


Ae: Adding up. 
Q@.: How can you find how much she needs? 


che must save money. 

Q-: How will you find how much? 

A.: By adding more money to $3.28. 

Q-: If one boy has $1 and another boy has 1 cent, how 
much money has one boy more than the other? 

Ae: 99 cents. 

Q-: How did you get that 

&.: Subtract. 
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Qe: If she has this much money 


and she needs this much 
how much must she save ? 


A.: Add enough on to make the other. 
( This Subject adds or subtracts according to the wording 
of the problem. The general principle has not been 
grasped. ) 


Subject 50, Problem 6 


Q-: How did you get this answer of 7 cents? 

Ao: The pints make a quart. 7 and 7 are 14. 

Q.: If a guart-costs $76 what does a pint cost? 
x : 38 « 


Qe: How did you get that? 

Ae: 38 and 38 make 76. 

Q@.: How did you; get the 387 

A.: I got the number by trying that would add to itself 


and give the 76. ‘ 

Qo: If three pieces of cloth cost $84, what will one 
piece cost ? 

Subject now tried 20420420; 25425425; 30430430. 

the examples Here given suifiee te show that there is 
great variation in the general working knowledge that 
pupils have of the application of the fundamental process- 
of addition. Many have not isolated the essential feature 
of all adding situations and are therefore inadequately 
equipped to identify the new situations that arise. This 
handicap may not reveal itself in the familiarly-worded 
problems but if a problem involving new units is present- 
ed, these pupils are not able to extract the element that 
is identical in the similarly-constructed problems. 

Each Subject was asked to manufacture a problem in 
which addition was demanded. Not general features of 
situations but specific applications had to be isolated. 
Subject 6 gave this example: " Jean got a coat for $25 


and a hat for $5. How much did she spend #, showing a 
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clear understanding of the situation and of its treatment. 
The same understanding accompanied by less facility in 
the use of English prompted the problem , " If Mary 
is 10 years old and John is 5 years old, how many years 
are both together #. Subject 7 was ready to deal with the 
problem when it arose but in his mind the idea of a series 
was uppermost and the idea of summation took second place. 
He offered as his problem: " I bought 25 cents worth of 
candy, 75 cents worth of pop-corn and $1 for a pair of 
stockings". An answer-seeking pupil said, " I bought a stick 
of andy for 6 cents, a dozen pencils for 15 cents and a 
bottle of ink for 15 cents, find the answer". Subjects 1 
and 2 followed the line of least resistance and constr- 
ucted problems like those previously used on the same 
day and they therefore gave as an addition problem one 
Similar to ' If Bill had $5 and Jack had $11, how'much 
more had Jack than Bill #?. Subject 5 knew little about 
the use of addition. His problem was " If Jack went to 
the store for 25 cents worth of oranges and Mary went for 
12 cents worth of oranges and oranges are worth 10 cents 
a piece, how many more would Mary get than Jacke". This 
Subject said that he did not know when he would add two 
numbers that he found in a problem. As a matter of fact 
when he later met the adding situation in problem 2, he 
subtracted 29 from 35 to get his answer. 

All the Subjects assisting in this investigation were 


able to add simple examples at least. The fact that they 
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could perform the operation itself was no guarantee that 
they understood the process. We have seen that the under- 
standing of the process is complete in some instances and 
quite inadequate in others. We have no information as 
to when such understanding should be given but it must be 
acquired sometime. Other sections ef thisvreport show 
that in the various grades those pupils who have the most 
complete understanding of the fundamental operations are 
chose most capable of solving various problems. 
Incomplete Notions Concerning Subtraction 

To the question, " How do you find the difference be- 
tween any two numbers " the following answers were re- 
ceived: 


 §$ubjeets 6 and 9 : Subtract 


Subject 7 ; Add 

Subjeat 8 7+ By adding or subtracting 

Subject 2 2 You Gan tell ifvene is bageer .than 
the other when you lock at them 

Sungect. 1 : How many times one is bigger than 
the other. 


It is clear that these ideas include in their range add- 
ition, subtraction and division. 

To the guestion," For what reasons would you subtract 
two numbers that you found in a problem?" responses were 
given that show a variety of ideas. These responses are 


summarized below. 


Central Idea Subject Response 


To find the LY? When one is larger than aother to 
remainder find: how much it is Larger. 
16 When you want to find the remainder 
15 To get what is left when the smaill- 
est is taken from the largest 
EE When you want to find what is left 


when you take one from another 
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Central Idea Subject Response 


Loss or gain as 22 To find the loss orthe gain 

a special case 20 To find gain or loss 

of difference 

It is a subtract- 13 When you have a subtraction 

ion or take-away question 

question 9 In a take-away question 

A result is con- 8 When you are trying to find some- 
fused with an thing that is less 

operation 20 When one costs more than another 


and you are trying to find what 
the lesser one costs. | 


Size rather than } When one is higher than another 

relationships 

Adding backwards 2 When you want to add down from 
ene toa the other 

Confusion £2 When you want to find a lot of 
numbers 

Partition 18 To find the half 


In attempting a solution for problem 4, one Subject 
proceeded only as far as 80 + 94 = 1974. In the oral dis- 
cussion following this attempt the writer gawe this ex- 
ample, " A train has seats for 100 persons. After 1 man 
and 94 women have taken seats, how many seats are empty? ". 
THe Subject replied promptly, "Four". Fer the original 
problem he now says, ® See how many you can add on to 174 
to get 220". This he tried to do without success. This 
Subjects allows the size of the numbers and the special 
setting of the problem determine his choice of the oper- 
ation to be used. It should be noted that the Subject 
had mo difficulty in subtracting 174 from 220 when asked 


to do soo 
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This Subject once more revealed his lack of information 
about subtraction. The writer said, " If you know how 
far it is from one place to each of two towns down the 
same road, how may you find how far apart the two towns 
are?", and illustrated the problem with three lines placed 
as here shown. The 
Subject said, “ Divide 
or multiply". 

In response to the direction " Make a problem with two 
numbers in it where you would subtract to get the answer" 


the ideas summarized below were included. 


Central Idea subject Response 
To find a 4 If Ruth said she was 10 years 
remainder old and she is only 6 years 


old, how many do you have to 
take away to get her correct 


age? 
z If John had $9 and he gave 
Dick $3, how much had John 
left? 
Essential idea is 9 Aman had 12 pigs; another 
present but vague had 5. How many was there 
because of irrelevant between one from another? 
ideas or because of 2 John has a little sister. She 
poor English 38 10 years old. John is 14 


years old. There are three of 
them in the family. The littie 
one is 4 years old. How 

much younger is the little 

one than John? 


Confusion a4 I went to the store and 
bought a hat for $1.50.) 1 
bought a lamp for $3 and a 
coat for $5. Find the answer. 


A number fact not a & subtracts 10 from 11. 
problem situation 
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The above data show that for subtraction as for add- 
ition a great variety of associated ideas is entertain- 
ed. From definiteness, through indefiniteness, to irr- 
elevancy, are ranged the responses with respect to their 
relation to the idea of subtraction. Some Subjects gave 
wrong answers as to the purpose of the operation or when 
searching for an application, and yet they were able, when 
confronted by some problem involving subtraction, to 
give correct solutions. The question arises concerning 
the extent to which and the time when pupils should be 
practised in identifying applications of the principle 
of subtraction. 

Incomplete Notions Concerning Multiplication 

The folloving questions were asked the Subjects: 
(A) When would you multiply two numbers that you found in 
a problem,? (B) What problem can you give me with two 
numbers in it where you multiply to get the answer? (€) 
How do you find the cost of any number of pounds when 
you know the cost of one pound? (D) If you knew the 
cost of one hat, how could you find the cost of several 
hats? and (E) If you know how far a car goes on one 
gallon of gasolene how can you find how far it will go 
on any number of gallons? | 

The replies listed below show certain characteristics 


of the ideas held by the several Subjects. 


aa vee ta ape a 
© 
0 Ne f 
-bbs tot ex Hothoatidve tot tad wore aged sea ott Re An 


an tedasine ef ‘esobi Sedefooess 10) vistas teoiy 2) notsh 


} ceoonotinttebm igs dvds ~weenotinited ‘move bo 


© 


~ tk 
xstends of tostaer at iw aggnogess veld Bosker oTs “gonave le 
avay etoa{due smoc sNotdosttdue to Bobi odd ad nod defen a 
aadw to moktvatsqo eft To Seogiad odd ot as arawane. Saotw 8 
qsifw ,sics eiow yeds tox, S18 sottsobioas ie tot gittdenese of 
ot ,mobtostidua snivioval spider g0e yd. hetaox hao. /) am 
rag tuts iio" pectic tHe Genie te ~adotiuLos dadrtoo ovlg: 
Sd. bivode sfliquq enw outs ent Dre Hosbete ot FROTKI att 
Siciontig ott to anoldeotiage ck snihceamanas res besitoetg a: 


rothoctbdue +o 


Hoidsoilg ty tin SaEt antmroono0 artottovl &: Jefqaoont - 

‘aiooidue off booles orow attotdaeup nat woillot anit 

ni bono? voy tent axodaun owt Ylottiiam soy bLuow daw (Ad 
ows Mttw aim sviz Oy eo mo Ldote san (2) {meteorg 2 

[D) ?aewans ont Jog of ylgitiom soy stostw dt of etodmin | 
nedW ebnube to toduid wis “to teod omg batt uoy, ob wall . 

oad weak oy i (GC). bawog emo To. teos ants ininss BOG 
fereves to teoo sat brit Hoy biveo won ,ted ono — 
pfO no e5ds 1659 8 tat von wort voy tL {) brie Patol 


om [fiw ti tet wod butt voy aso wos enoloega tH nok ah 


ebidgebrstoersiio niet«x99 ronfe wofod, betalt astiqes ont 


setoso due fataye ods wo hile ascot oad " 


ut mi) pr wai k 
~~ ' Oe en 
+ 5 WAnays Y te 
' «6 i % Pr rT; 
’ rE or 
‘ve ‘ a ‘ ea My as dr "Ada ae 
q od  ynuuel ela 1 
thet - © . - J wuld su " iP wu in ul ‘ey oh \z 


Subject 
6 


el 


Question 


wrwo Pp Fy ar oa wr 


um Wry a 


67 


Reply 


Same as when you add but it's shorter 
Jean got a coat for $20, a hat for 
$20 and a pair of shoes for $20. 
Multiply the number of pounds by the 
cost of one pound. 

To find the product 

Multiply the cost of one pound by the 
number of pounds 

Multiply the cost of one hat by the 
number of hats 

Multiply how far it goes on one gale 
lon by the number of gallons. 

You newer do it 

Aman had 4 horses. Another had 54. 
Get 4 times more then 54. 

Divide 

Add 

No response 

If Mary had 2 oranges, if Jack had 

12 oranges and he wanted to give each 
boy one, how many would each boy get? 
Add what one pound costs 

Divide 

No response 

A girl is 16 years old and one is 15. 
How much older is she? 

Add it 

Add 


No two of these questions were given to the same Sub- 


ject on the same day. Whatever uniformity appears in 


the various replies must be due to habitual modes of 


thinking about multiplication. Subject 21 has very def- 


inite and exact notions concerning the operations to be 


performed. 


In question C Subject 6 identifies the app- 


_iieation when it is givem , but, in B he has difficulty 


in himself finding an application, partly because his 


idea of the purpose of the operation, as revealed in 


his reply to (A), is that it is very much the same as 


addition. 


Subject 9 evidently does not understand what 
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multiplication means; it is ‘times more than', ‘division’ 
and ‘addition' in turn. Nevertheless when on another 
occasion this Subject met the problem " Find the cost of 
7 pounds of candy at 35 cents a pound" he said that 7 
pounds would cost 7 x 35 = 245 cents. This pupil has 
learned to do the correct thing in the multiplying sit- 
uation although he has little idea concerning the mean- 
ing of the thing he is doing. Subject 4 talks in terms 
of addition and subtraction, mostly addition, and true 
to his method of thinking he attempts to solve problem: 
Mags’ follows: ).") 35°47= 42". 

The central ideas expressed in the various replies 


were as follows: 


Question Idea subjects 
A No response H,oO;4, 547529 and 20% 
tO find product aL 
fo find cost 44,22 and 14. 
To find a differ- 
ence in cost 29 
To get more ED, EG. 
Division 2 
Addition 6 


( Subject 15 has abstracted from the operations the 
ideas of making more and of making less. He has 
begun to classify these experiences but he has not 
yet noted the differences between addition and 
multiplication. He is generalizing but his pre- 
sent generalization must be subjected to further 
revision. ) 


B Addition 
Subtraction 
Division 
A form of operat- 
ion carrying sign 
Confusion 
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C Multiplication ROC DD, BG, PS52S 20 Sh eG he. 
AO pak yaya O's E46 
Division 9 
Addition Reoacsope “ana o. 
D Multiplication Lec L7); 26), BS, 10),4, 19. 20,28, 
22 amd 23. 
Division SS and 22. 
Addition Be, Cada et. and Gs 


( Subject 5 thinks of addition at one time and of 
division at another; Subject 7 of multiplication in 
one situation and of addition in another.) 

The grade lll Subjects all talked of addition and 
when they tried to solve problem:5 each of them tried 
some sort of addition to get the solutim. All pupils 
above grade 111 worked problem 5 correctly as far as 
method was concermed. Whatever the limitations of know- 
ledge with respect to the meaning of multiplication, the 
Subjects above grade 11l have developed certain working 
habits for problems worded in familiar ways. The 'Pind 
the cost of ---- at so much a pound' type gives little 
difficulty. On the other hand great difficulty was ex- 
perienced in problem 6 after the distance travelled on 
one gallon had been found. 

Problem 6 was not given below grade V but two Subjects 
of that grade and one Subject of grade V1ll who exper- 
ienced no diffienlty with the 'Find the cost of --- at 
so much a pound! type failed to find how far a car would 
go on 3 gallons of gasolene when they had already stated 
that 1 gallon would take it 20 miles. 

One notes that it is not always easy to turn from 
theory to practice or vice versa. In the general dis- 
cussion about the problems, Subjects 11 and 13 each said 


that to find how far a car would go on any number of 
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gallons you should multiply how far it goes on 1 gallon 
by the number of gallons, and yet when they faced the 
problem of applying this fact, they failed to apply 
those principles that were so readily at their command 
in language form. 

Two weaknesses appear in the above summary, (1) The 
inability to identify the application, and (2) A lack of 
understanding of the real significance of the process. 
The following conversation illustrates the difficulty th- 
at one Subject had in identifying the application of one 
fundamental process used in problem 12. 

Q.: If you have 108 square feet and you thought that 

there were 5 1/2 square feet in one square yard 
( this had been stated by the Subject) how would 
you find the number of square yards ? 

An? Multiply. 

Qe: Which is larger, 1 square yard or 1 square foot? 

Ae: One square yard. 

Q.: How would you change square feet to square yards ? 

Ao: Multiply. 

Qe: Would there be more square yards or more square 

feet ? 

Ae: More square feet. 

Q-: How then would you change square feet to square 

yards % 

Aw: Multiply. 

Subject 8 in problem 5 showed a lack of understand- 
ing of the meaning of the process rather than a lack of 
facility in identifying the application. He began with 
the assumption that 7 pounds cost 35 cents. He multip- 
lied to find the cost of 1 pound. Later when he was led 
te see that 1 poumd cost 35 cents, he divided by 7 to 
find the cost of 7 pounds. Evidently neither multiplic- 


ation nor division was understood. When by questioning 
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he was made to appreciate the real problem he said to 
add 35's to find the answer. At one stage of the quest- 
ioning the following conversation took place :; 

Q.: If you kmow the cost of 1 pound, how do you find 

the cost of 5 pounds 7 

Ae: Add them up. 

Q.: What is 5 times 6 ? 

A.? 30 

Qe: What does 5 times 6 mean 7? 

A.: I don't know. 


( This pupil has memorized certain tables without 
knowing much about their significance. ) 


Incomplete Notions Concerning Division 

A review of the pupil's work in division and of the 
answers given during the questioning is not a simple 
operation. Apparently one cannot teach division as a 
method of manipulating numbers and be sure that when the 
pupils have learned how to do the mechanical work they 
will understand division. There appears to be a gradual 
development of the concepts of the meaning of each fund-= 
amental operation. The illustrations given below have 
been selected to show that there is growth in complete- 
ness of definitions, principles and generalizations. 
References throughout are to the follwoing questions and 
directions: (A) When do you divide two numbers that you 
find in a problem 7(B) Make a problem with two numbers 
in it which you divide to get the answer, (C) If you 
know the cost of several pounds, how do you find the cost 
of one pound?(D) If you know how much one hat costs and 


you know how much money you have to spend, how can you 
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find how many hats your money will buy?and (E) Solve the 
problem " When 1 hat costs $3 how many can be bought for 
$24 te 
Subject 6 said: 
(A) When you know the cost and you want to find 1/2 or 
2/4 Of Ets 
(C) Divide cost of several pounds by how many pounds 


there are. 
(D) Divide the amount of money by the cost of 1 hat. 


(BE) 3).24 


8 hats. 
The responses here are quite satisfactory particularly 
when one considers that the Subject was but nine years 
of age and that he was just beginning the work of grade 
1V. He thinks of division in terms of simple examples 
but he understands the operation quite well. 

Subject 15 answered ; 

A) To get less 
C) Divide 


D) Divide cost of 1 hat into the amount of mmey you 
have » 


(B) 3) a8 


( 
( 
( 


These replies are correct except for the error as to the 
purpose of division. The Subject has generalized from 
the cases that he has worked and in these division has 
meant 'to make less’. Subject 15 with a little assist- 
ance would probably soon have correct notions of this 
Process. 

Subject 23 said: 


(A) To find the cost of something that doesn't cost so 
much. 


(C) Divide the cost of several pounds by---- ( incomplete ) 


(D) Divide the cost of 1 hat by the amount of money you 
are going to spend. 


(Ey. * $3 buys 1 hat. $24 will buy 24 x 1 
7 a = 6 bate." 
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Here the practical work is correct but the principle of 
operation has not been clearly formulated. There are no 
gross errors but (A), (C) and (D) are imperfect. 

Subject 2 replied: 

When you are going to divide anything in two 

Mary has an apple. She has to divide it with her 

little brother 


5 
B) 
(C) Add down that much until you get to one pound 
et Adding up what you pay for the hats 

E) 


ti 


This)Subject wrate..3,+,.3.+.3.¢.+.+ until 
hats she goat a total of 24. She then recorded 
8 as the number of items that were added. 


2 
8 


The guiding ideas in this work are correct but the theory 
is all inadequately formulated and the method of ey BNI 
ation has not been developed. 

Of a different nature were the responses of Subject 4 , 
for they reflect confusion of thought and ignorance concern- 
ing the meaning of the division process. In an earlier 
part of this report it was shown that subtraction was the 
only process that this Subject understood. To the present 


questions his answers were as follows: 


(Ci). Subtract. it 

ad Add 
PB4 x 15. Sa 

How understanding of theory and ability in manipulation 

may stand in marked contrast is illustrated by the work of 

Subject 10. Fo #({D) he replied, " Take away cost of 1 hat 

and find the money left", but, for (EB) he gave ," L hat 


costs $3, For $24 you can buy 3)24 
8 hats can be bought." 
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This survey of the understanding that our Subjects had 
of the four fundamental operations indicates that the pupils 
had been subjected to widely varying experiences. The 
different definitions, principles and generalizations are 
not mastered at definite age-levels nor when pupils have 
reached fixed stages in mental maturity. The whole scheme 
of acquisition is rather haphazard. The pupils are alike 
in the one respect that they can do the mechanical work of 
any of the four fundamental processes. If any other phase 
of the total situation be isolated it is found that there 
is a marked irregularity in the time of its mastery. There 
may have been too little definitely-directed teaching of 
all the supplementary associated notions that make up en- 
riched concepts of the four operations. It looks as if 
the pupils began with some vague notions as to the meaning 
of all their number manipulation and gradually as they met 
Situation after situation calling for the application of 
one of the four processes, they slowly and probebly mostly 
unaidedclarified their notions as to what all the manip- 
eon hed been about. Some of the above evidence shows 
that what a child actually does in a given situation is 
directed not by consciously-formulated knowledge of what 
Pea Gene, Gat ca the recalt or recognition of famil- 
iar aspects of situations calling for specific methods of 
manipulation. The thinking of Subject 9 about multiplicat- 
ion gave an example of this type of behavior for when he 


solved problem 5 he wrote out a very correct solution. 
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C. 17. Guessing 


The work of many Subjects convinces us that pupils resort 
to random trials when the course which they thought to be 
correct is found to be wrong. These pupils do not evaluate 
and make comparisons. Problem-solving is for them the occe- 
asion for applying a known method and it is not conceived 
as a process of analysis, selection, application and eval- 
uation. The occasions on which Subjects were observed to be 
guessing were: 


1. During the first attempt at a written solution. 

2. When the questions asked were not understood be- 
cause of language or symbol difficulties 

5. When questions were not analyzed so that relations 
could be seen. 


Guessing during the course of the first written solution 
in problem 19, Subject 17 wrote: 


9) 60 9) 64 9) 55 9) 60 


Q@.: What are you trying to find? 

A.: (Pointing to the 32) A number bigger than this one 

that 9 will go into. 

( The discussion revealed the fact that the pupil was 
trying to begin with some number larger than 32 into 
which 9 would divide. He was intending to proceed by 
trial, taking 1/9 from different numbers until the 


correct one was found. ) 

In the same problem subject £3 wrote: ” 56 =9 = 4. He 
paid $36 for the bicycle." 

Q.: From where did the $36 come? 

At Nine weuldn't, go into 32 oon ye) 1 took the next 

number that nine would go into equally. 

When the pupil arrives at a correct answer by such means as 
this it is quite impossible for the teacher, under ordin- 
ary conditions, to know what the reasoning was or to know 


that it was not correct at each step along the route. 
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Other examples of first solutions that were marked by 


guessing were: 
Subject Problem Procedure 


3 a Oo x 24; then’ 3 +24, tollowed by 
3+ 24 = 8 The answer was discovered be- 
fore a written solution was attempted. 
The Subject's original estimate of t he 
answer was correct. In the solution he 
was searching among methods for one that 
would give the correct answer. 


EX 9 "3)8 3)160 8). E60, 
2 93 are 
15 19 i) PS 


Q.: Way do you divide 32 by 97 
Ag: fT ‘didn't know what to do so I took a 
wild guess at it. 
14 19 "Lt added 9 to 32". Why "2 was just 
guessing". 


Guessing because question was not understood 
subject Proeedure 


9 Q.: What is the cost of Y pounds of candy at Z 
cents a pound 7 
A.: SuBtract. 
4 Exactly the same answer was given as in the last. 


( Both Subjects were here confused by the use of the 
numbers X and Y.) 


Guessing because question was not analyzed so that relate 
ions could be seen. 


When Subject 7 was asked " If you know how many pages 
one reads in an hour and you know how many pages there are 
in a book, how long will it take to read the book?', he 
answered"add". The guess in this instance was directed 
somewhat by the wording of the problem ' You know how many 
pages ---- and you know how many pages ---- ' which intro- 
dueed a large element of repetition. 

Pupils sometimes resort to guessing. The more capable 
pupils guess only when they lack data for analysis. The 
seven Subjects against whom are marked the largest number 
of guesses were the seven Subjects who were lowest in attain- 


ment in most phases of problem-solving ability. Subject 6 


17 


suessed in one novel situation and yet when he faced anoth- 
er very difficult problem his behavior was of a markedly 
different sort. He was given problem 13 but’having recent- 
ly left grade 111 he was not ready for that type of problem. 
Nevertheless when the various formulae were presented to 
him he chose the one involving ré because he said he was 
asked to find a volume and ré rather than wane r would 

be likely to give a volume. The Subject was prevented from 
guessing here because of certain information which related 


to the selection in hand. 


©. 28, Conftiused by Biforts to find a Familiar Form of 
Solution. nee Tee 


In the problem " A man can do 1/4 of a piece of work in 
3 days, how long will it take him to do 1/20 of it?" pupil 
52 wrote as follows: 


3 days he does 1/4 of his work 

Pberetore 1/20 of his work takes 1/4 ef 3 days = 1/4 ef 
1/5 + 1/20 (ef 12 days — 12/20 — 6/10= 3/5. 

1/20 of his work is done in 1/20 of all the time 

= 1/20ue dare / 20) 2 4/22 = 1/240 x 1/12 = --- 


seeing that the Subject was in trouble the writer interr- 
upted the work and directed the following conversation: 


Q@.: What seems to be the matter, Bill ? 

a « © €an de te but 1 ean't write ia solution. 

@.-: Will you tell me how you think through the solution.? 
Don't bother about writing it out. 

Aw? it tock’ me 3 days te de 1/4 of my work. It would 
take 1/5 of that time to de 1/20 of the work. The 
complete time takes me 1/5 of 3 days = 3/5 of a day. 


Examples such as this show the uselessness of giving 


type forms of solutions to pupils who have not had practice 
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in formulating their own solutions. Should pupils be allow- 
ed to devise their own forms of statements for solutions un- 
til such time as they are very familiar with the method of 
solution Should standard forms be given as economical 
modes of procedure after the child has had wide experience 
with the type of problem considered ividently pupils are 
handicapped when they must try to fit their mode of think- 
ing about a problem to the stereotyped written forms 

which they have been taught. 

The written work of Subject 23 when solving problem 9 
shows that he had considerable trouble in getting the re- 
quired standard written form for his problem in proportion. 
He wrote as follows: 

It takes ----- 
160 miles it uses 8 gallons ------- 
It uses 8 gallons of gasolene going 160 miles 


It uses 3 gallons of gasolene going 3 x 160 60 miles. 
8 — 


C. 19. A Stereotyped Form of Solution is Applied Though 
7s Beat Fully Understood. 


A Subject may use a stereotyped form of solution and 
aGrive at 4a corrmeet result or in trying te use it he may 
fail to get the correct turns and twists at each step. The 
examples cited examplify both types of deficiencies. 

Subject 15, Problem 9 : 
Qe: A car goes X miles on a gallon of gasolene. How 
far wild, it, go on Y.gallens 7 


Ks Daviae into 2 and multiply by Y. 


This Subject cannot be accused of not understanding the 
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problem if to understand is to recognize the type by some 
means, find the method and apply it. It is evident how- 
ever that there is not complete understanding of the prob- 
lem or it would be solved directly as an example of multip- 
lication not as one of proportion. 

Similarly, to the problem " If you know how far a car 
goes on 1 gallon of gasolene, how may you find how far it 
will go on amy number of gallons" the reply of Subject 23 
was, “ Multiply how far it goes by the number of gallons 
and divide by 1". 

Subject 33, Problem,"The average rate of a train is such 
that it travéls 135 miles in 4 1/2 hours. How far does it 
go in 31/4 hours?". The solution offered was : 

" Required - Number of miles it will go in 3 1/4 hours 

In 4 1/2 hours it goes 135 miles 
In I Ari it goes 4°1/4.4+/235 = 1/30 of a mile 
tn 39/4 bee 1/30 x 15/4 — 15/7126." 
One week later this same Subject was given a similar prob- 
lem, " The average rate of a train is such that it travels 
230 miles in 7 hours and 50 minutes. How far will it go in 
5 hours and 15 minutes?". The solution given was :; 
“ Required = How far it will go in 3 hrs and 1/4 
In 7 1/2 hrs it gees 260 miles 


In l hr it goes 15/2 x 1/280 = 15/560 miles 
En 5 1/4 bre it will go 13/4 x 15/560 


= 195/2240 = 59/448 miles." 
This Subject has one set way of dealing with situations of 
this sort and even the wording of his solutions varies by 
scarcely a word from week to week. This Subject is hamp- 
ered in solving problems by an over-respect for stereotyped 


solutions which are demanded by the teacher of his grade. 


—- 


‘ : 
4 . a « ig, re é , 
q oI ‘ i SBS 2 Sea) | € 
4 r sy { A -s , 
L. eu J B cf Qi i 4% ee | 


LISS TI S¥LGe 26 Divo 
OST otT "20 98n0 ee toF 
a 4 ; { ./ i ‘ €} : 4 r 
a J 98 © ¢ : “ tA ds It es a 
/ % OAT “BHOLIES tO Bech yx 


VPS R 
a he Wks , 
t ’ a. - 
e . ‘y : 
it) ; a PV dé uP | z BF his So ND ok | id 
Caine SP tee emer saan 
j Pr yer Eyer ery 
J E e BIhos Ly aS ETL Ra VGlL Gasevat 
* e : - © 
. =>’ 4 4 on \ ” t if . 
~ i “ { 
Led a } yee F J ProOMs i es :"y 
m2 é f r is \} 
~ . - a7 
3 te SON OE ; 19s tht or af f 
- Ws LN POHL: g Pike 2 a ae 
: | eae } : j : eI ' } 
’ é 
F ’ ; rn) ' ; : g ; 
- : ‘ sit I Lido ree WS Sie wu m 
i. i 
i¢ : : ] 4 re Ag , of , yy Qh 
2 . mee 
. We be Oss ie 4 
’ t hs 
' : 7 ih + A Pa ee ee ee Li 
‘ r 
io - 4 } { ~ mS. Ti 
a 
i : ‘ i 
- e 
7 J J ‘ 
4 | \ NY 
ry Le - 
\ ’ 
: dg ‘| ' : 
- ~~ + 
‘ * ‘ ‘ 
A , ) 4 ‘ i 
. 
t ' ® _o - 
. ’ 2Uh4 Lae Ae i 


‘ 
» 


fig f J 


4] 

ee \ aa 
: 

Ls . 
— — +“ —- whee 
4 : 

J OJ wh 
x Cs 

ee | 

ads 
14 ; 

2 dhe 

"y 
‘ 
: 
‘ 
2 f 
Kaa A 


80 


C. 20. Correct Procedure Obtained from some Cue. 
Fw a nr nr TT Nef 


Subject 8 was asked, " If you know the cost of several 
pounds, how do you find the cost of 1 pound". He replied, 
"Divide". This Subject could not state what the divisor was 
to be. From the phrase ' Find the cost of 1 pound’ he con- 
cluded that it was a division of some sort. The question, 

" What is the cost of Y pounds of candy at Z cents a pound?" 
brought the reply, " Multiply Y pounds by Z pounds". «The 
answer here betrays a lack of comprehension of the real 
problem. This Subject is concerned primarily with oper- 
ations demanded and not with reasons for the suitability 

of any given operation. ‘These two problems were in famil- 
iar word settings which the Subject recognized as associated 


with certain specific types of operations. 


C. 2l. Relationship is Understood but it Cannot be put in 
Gree Pee Fk fas aed ah ei Ghia. Whe 


Sometimes a pupil will identify a correct operation and 


see the relationships involved and yet be unable to put the 
thought in logical form. Subject 1, knowing the cost of 

¥ quart of milk te be 12 cents, said that te find the cost 
et i pint you should subtract 6 frem 12. Subject 135, when 
trying to find the number of hats that could be bought for 
$24, proceeded thus : 


"] hat costs $3.00 | 
& hats cosk 8 x°$3.00°=' $24.06: % 


This same Subject found mentally that the answer to problem 
8 was 6 hours. Later when he tried to give a written sol- 
utien Be could get omly 85 =- 25 = GO. He then said, "I 


don't know what kind of question it is, multiplying or ---". 


-- 


» ¢ P ~ ry 
on ., 
- 
4 aa, © e MIAO & Z & 
: ' 4 
. P { 
- ° LG : \ , ‘ bh G mw UY, A/F 
’ 
: . .- . ‘ ‘ r 
t : “<)> ; 
‘ 4 2 Gi} a eb ies. am eh: we fF 
‘ ; ‘ 
> a a a) . hb ¥ 
} ) i) .| ci Dik 
. : 2 : 
§) : L WV uk TE J J e 
: t ; ca ot 
; ' ‘ 3 \ 
ws Oo if 1.&) w {) <3 Le a 
{ r 
Ad UID Add Vases 
| i” ; 
: he ‘ 
' ; ‘ r tg i. 
i we id pei s Win ta 4 < 
est ; ae vw Gi ee er a | 
‘aT P 
{ " wry ‘ <3 
ate J \ ca @Asy aha Aa Me ‘. ~, 
. y oe whe th 
; t . dirs r 
} wv a ad . AN by ii.deu Uo 
' : ty A 
os ] ry ! ; en a 
de . \ ‘ & . % eS he ie | ‘ Ae, 
= ; 
r ' r me 7 . ¢ 
i \ r fA A Ke « u- wALE \ 
- = ma «= . a a= - a * ner ew oe ~~. ahaa ied >: 
AP” Cerin SS Om AR) Ca ORs in nee OURAR EE re rs mt ~ 
‘Li + i 
wat dU bat Nal 


/ : 4 . aN . an De 
SSS SL SS SE. aaa 


ORO R RUGONE Bega ame 


81 


The recognition of a method supplemented by a faulty 
generalization prompted Subject 9 to reply, " Subtract the 
small number from the big one" when asked to find how many 
pages there were to be read yet when the number in a book 
and the number already read were known. 

When asking when to add or multiply two numbers found nS 
a problem, it was discovered that many pupils could iden- 
tify the correct operatiom when its need arose but they 
could not tell what were the relations existing among the 


items of the problen. 


C. 22. iirong Use of the Equation 

The improper use of equations is not an error in the sense 
that it necessarily leads to a wrong answer. It is a weake 
ness in the supervision of arithmetic that pupils should be 
allowed to use incorrect statements throughout their work. 
Inaccurate statements foster inaccuracy of thinking. The 
following examples are typical of those errors in the use 


of equations found in this study. 


subject Problem Use of Equation 


A 12 The rug isi2x 9 = 108 square feet 
= OS = 9 — 12 sqsyds — $1.33 x 12 
= S16. S6. 

B : 7 $5 - 25 = 60 + 6 = 10. 

C 8 She has read 25 = 85 - 25 = 60 pages 

D 12 Cost = Sis UzZ sqft. = 108 SQo pag = 


12 x $1.38 = $16.56. 
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Bi 


12 Cost of Linoleum = 9 x 12 sq, ft. 
ote eee $16.56. 
9 = 


iy 12 Area = 9 x 12 x 138 516.56 
Tae rag > — 


Four of these six pupils were from the one class of grade 
Wil pupils. it may be that someone has failed in their 
supervision to note and correct this particular type of 
error. From observation we know however that such errors 
cat not considered to be very serious by many teachers of 


the junior grades. 


C. 23 Formulae or Necessary Hacts not Known 

All problems involving the denominate numbers and those 
concerned with mensuration are likely to call for the applic- 
ation of certain memorized facts or formulae. 

In this investigation a quart was thought to beat times 
the equivalent of 4 pints, the area of a square was found by 
squaring the perimeter, the length of one side of a square 
was found by taking 1/2 of the perimeter, and in problem 13 
different Subjects tried to find the volume of a sphere by 


the use of the formulae below given. 


V= T&S = 12x12 x 12 = 1728 
V = 22/7 ré 

e237)" = 
V=3x2 x 22/7 x re 

N= 4's 22/7" = FS 


Phere ts generalzy littbe hope ef deducing the carrect 
formula if it has been forgotten. There are cues that 


should assist one at times. For example, Subject 6 (Grade 1V) 


ft | snostiog teas od yam 3 ~Eliqug 


289DLIR TOLL, sas 


SULT } ey OL 5 0 -E0mts Fa ono SeLeass bin 


85 


was given the problem of finding the volume of a sphere 
with known radius. He could not begin a written solution 
although in the questioning he said, “If 1 am to find the 
volume it must be the cube of something. 

No argument is needed to convince the reader that to 
solve problems efficiently one must have many memorized 


facts at his command. 


C. 24 Errors Connected with Denominate Numbers 


The errors that group themselves under this heading may 
be classified into seven groups, (1) Those where the wrong 
facts from the denominate tables were available, (2) Those 
where the wrong labels were attached to the numbers but 
where the reason for the mistake could net. be ascertained, 
(3) Those where the individual facts were known but where 
the relation of unit io ne was not known, (4) Those where 
the fact was given correctly but where it could not be 
applied correctly, (5) Those where the wrong concept was 
held for a given measure, (6) Those where the concept was 
merely incomplete, and (7) Those where certain facts were 
memorized but where the. actual meaning and practical value 
of the same were quite faulty. Examples of each of these 
types af errer follow: 

Type Subject Preblem Error 
x M 12 S&S 1/2 sq-ftsli=) se. yd. 
1k 6 1 quart = 4 pints 
If 2 quart costs 14 cents; 1° pint 
will cost 1/4of 14 centa. 


2 16 12 LOS s@. Ete = S'= 12 yards. 
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3 11 6 1 quart = 1/2 pint 
1a 6 14 cents for 1 quart = 56 cents for 
1 pint 
4 12 1i There are 60 pounds in 1 bushel of 


wheat. 2520 pounds are equal to 
2020 x 60 = 15120 bushels 


5 295 10 The perimeter of the field is 60 ft. 
The area is 60 += 4= 15 sq. ft. 
18 10 the) perimeter is"6@ sq, £t. 
10 £2 The perimeter is 42 feet= 42+3 
= 14 sq. yds. 
28 10 Estimated the size of 1 sq. ft. to 


be 22 inches, a length. 


6 XS 10 One side is 15 feet 
Area is 15 x 15 = 225 feet 


7 7 a In indicating a town or city that was 
20 miles distant he chose one that 
was 215 miles away. 


17 10 Estimated that a room 18 feet long 
was more than 60 feet in length. 

16 11 Estimated that a bushel measure was 
over four times its actual size. 

23 5. Estimate of a box that would held ? 


pounds of candy was large enough to 
hold at least 20 pounds. 
14 12 A diagram of 1 sq. yd. as drawn by 
the Subject was 1/36 of its true size. 
The following is an example of work unaccompaied by 
meaning of the denominatée units involved. Subject 10 in 


problem l2 offered the following: 


12 g 5) 42 $1.38 
x28 X 2 14 sq.yd. 26 
24 13 x 4 823 
138 56 sqo yde 690 
42 077.28 


The pupil found the perimeter in feet and attempted to 
change this measure to square yards by dividing by 3. When 
asked why 14 was multiplied by 4 he replied, " There are 14 


square yards and each square yard has four sides"®. Twice 
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in this work the pupil used the idea that a square yard is 
part of the total perimeter. Some light was thrown upon 
the cause of the error in thinking when after being asked 
what a square yard was, he replied, " It is the same dist- 
ance all around". The habit of thinking of ‘square yard!' 
in incorrect terms was so fixed that when, ten minutes later, 
a similar question was given, where the sides were 70 feet 
and 68 feet, he said, “ To find square feet add them and 
multiply by two". This error was made in spite 6f the fact 
that in the original problem the Subject had been required 
to divide the rectangle into its 108 Pies Hen squares. 
No attempt has been made in the above classification 
tO give the relative frequeney of the errors, as the freq- 
uency is merely dependent upon the particular questions 
that chanced to be asked. There was no attempt to cantrol 
the frequency of any question and therefore a question 
bears in its frequency no relation to its actual importance 


in the thinking of the Subjects. 


Q 


p29 Confused by the Details of Writing 


Subject, 1 in problem 4 read the problem aloud and then 
siad, " That's some question. That's a hard one. There are 
80 and 94 seats took up. Do you want me to find how many 
seats are left? There were 220 seats and you took 80 and 94 
away." At this point the Subject wrote down 90 as a be-= 
Binning far the solution. He stepped there and wrote no 
more. 


Q.: Why have you stopped? 
Boitaee \@ena! GG) ate. 
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The complete diagnosis showed that the Subject was unable to 
give the written solution although he was able to give, 

(a) a complete outline of what was required to be done, 

and, (b) correct answers for both bits of mechanical work 


involved in the problem. ‘shen given the two examples 


80 220 80 220 
+94 and -174 he wrote +94 - 174 
bigs CS ae 


G.& 26 Memory Contributes Wrong Items 


The errors of this type were of four classes, (1) The 
wording of the problem had been forgotten with the result 
that the knowns and unknowns became alternated, (2) The 
main features of the problen were correctly remembered but 
the quantitative terms became attached to the wrong units, 
(3) In the course of the solution, after the problem had 
been clearly in mind, the Subject forgot the course that 
had been begun and attached the wrong labels to certain of 
the quantities, and (4) Wrong items which had nothing to do 
with the problem were contributed. Single examples of these 
errors are given below. 

Eype osubyeéet Problem Errer 

Xz 16 6 subject said to duvide by 2 to find 
how many pints there are in a given 
number of quarts. The pupil knew 
the correct method but he forgat 
that he was changing quarts to pints 
and not pints te quarts. 

a L? 4 subtracted Y from Z instead of Z 
from Y. The problem read, “ If there 
were Y seats om the train and. Z of 


them were taken, how many would be 
Left 7 
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3 14 7 After working the problem correctly 
and arriving at the quantitative term 
8, the Subject called it 8 dollars in- 
stead of 8 hats. 


4 26 11 The response “ One ton" was given to 
the stimulus '2520 pounds’. 


C. 27 Led Astray by False Cues 
There were 14 pioils of grades lll and 1V who tried 

problem 3 and of this number four added $3.28 to $4.95 to 
get the answer. It has been pointed out already that the 
wording of the problem caused errors at times. ‘the words 
‘how much more’ acted as a cue for addition. The example 
exemplifies the extent to which many pupils are dependent 
upon supplementary aids. 

Sometimes as 2a pupil proceeded with his solution he allow- 
ed-some part of the written content to act as a cue to a 
wrong acoecout For example, Subject 12 in working problem 
8, gave the following solution: 

" 85 pages in the book 


260 has read 
60 minutes in an hour 


60G more pages te read. " 
The explanatory notes accompanying the mechanical work were 
given orally after the solution was completed. The word 
‘hour' appeared in the problem and when the number 60 appear- 
ed in the written work, the Subject accepted the suggestion 
that this 60 meant 60 minutes in an hour. | 
Another Subjeet made this same sort of error in dealing 


with the speed of a train. The word 'hour' appeared in the 


i 
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problem and the large number of miles given was taken as 
minutes that were to be divided by 60 to be changed to 
hours © 

In a few instances the Subjects allowed the writer to ine 
fluence them by the questions that were intended to test the 
understanding of principles. Wrong suggestions were con- 
veyed by certain questions. Concerning problem 6, Subjects 
4 and 5 were asked, " Would you add 2 to 14 because there are 


2 pints in 1 quart?" and both replied, "Yes". 


perations 


C- 28 Difficulties with Reversed Order of 0) 
The errors under this heading show themselves in both the 

problem-solving and in the answers to the general questions. 

When in problem 7 Subject 13 wrote, " 1 hat casts $3.00, 

8 hats cost 8 x $3.00 = $24.00 " , presenting an example 

in multiplication instead of one in division, there was 

shown a lack of appreciation of the order of the operation. 

The logic of arithmetic is here at fault. When several Sub- 


jects wrote 


328 6 174 
- 495 -10 220 
Le'7 4 or 4, 


it was because the relationships existing among the numbers 
were not understood. 

Sometimes the general questions drew responses that were 
influenced by the difficulty here under discussion. Sub- 
geet 1 said that 6 plus 10 was not equal to 10 plus 6; 
Subject 5 said that 10 plus 6 was not as big as 6 plus 10, 


his mind being occupied with the second mumber of each pair; 
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Subject 7 thought that 220 could be subtracted from 174. 
When asked " When do you subtract two numbers that you find 
in a problem?" Subject 11 replied, " To find what is left. 
Subtract either the small one from the big one or the big 
one from the small one". | 

After surveying these facts, one wonders whether child- 
ren should so frequently be given rules of manipula ion 
when they know so little about the thing they are doing and 
when they appreciate as little as they do the relation of 
one number to the other, either as numbers in a number 
system or as two items in a complex relationship set by the 


conditions of the problem. 


In maiy instances pupils get wrong results in the mech- 
anical work that could be avoided if they were somehow con- 
scious of the magnitude of the numbers involved. Subject 
ail said that if there were 220 seats available and 174 per- 
sons were seated, there would be 146 seats left empty. True 
thts 2s an errer in subtractien but we are interested in 
the thought processes that accompany the subtraction in 
this problem-setting. The Subject is either not imaging 
the problem situation or he has such an undeveloped number 
sense that flagrant inconsistencies remain unnoticed. 

G©f the same type is the error of Subject 1 in the meech- 


% 


anical work of problem 3. His work " 495 " suggests that 


ee 
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he is deficient in knowledge of subtraction. Two supple- 
mentary thoughts may be added. One is that pupils make err- 
ors of this sort even when they can do the mechanical work 
if ect down in the ordinary drill-example fashion; the other 
is that these same errors would not pass unnoticed if the 
pupil's thinking concerning the number system were mature. 
That 300 subtracted from less than 500 should be thought 
to give a remainder of over 1100 is surprising. 

The deficiency under discussion revealed itself in anoth- 
er Manner in the work of Subject,.10, probtem Li. When 
Wishing to ebtain the mumber of 60's in 2520 the Subject 


proceeded as follows: 


* 60 60 60 60) 2520 


x A 4 x6 42 


indicating that he carried through three multiplication 
steps before realizing that 2520 was a number so large that 
this process of trial multiplication would be wasteful of 
time. 

subject 3 in problem 5 estimated that the answer should 
be about 45 cents. The fact that 1 pound cost 55 cents and 
that but 10 cents mor: is included ae ae eost of 7 pounds, 
shows a lack of appreciation of the magnitude of numbers. 
A ten could replace several thirty-fives under no other con- 
siderations. 

Sudject 12 in-problem 5 estimated the answer to be less 


than 25 cents ( 24 cents ). Why? Probably because some wrong 
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mental calculation ground out the answer 24 instead of 245. 
This mistake is a mere accident. The more important fact 
is that a pupil in grade V should not feel the impossibil- 
ity of the situation. The associations between 'ten', 
‘thirty’ and ‘hundred! may be very weak. 


Subject 4 worked the examples 80 + 94 = 174 and 


220 = 174 = 46 showing that he could do the mechanical 
work, and yet when these same facts were in problem setting, 
the 80 was added to the 94 by placing the numbers side by 
side as 8094. Proceeding then to the subtraction step, he 
gawe ac his werk ™ 800 * 
-8094 
8106 ° 
Subject 7 in problem 30 offered the original example 
228 
-495 
35 but when asked to subtract 328 from 495 he put down 
the following: 495 
528 
67. 
such a deficiency as the above is mot revealed to the 
teacher when the chiid ‘is givem sums to de er when he is 
emeressed in:driii cxampies: The real deficieney is in 
the thinking about numbers, their magnitudes and their re- 
lations, and not in any faulty mastery of some rule of sub- 
traction that concerns itself with borrowing from the ten's 
column to bring over to the unit's column. 
One Subject subtracted 176 from 220 amd got 46 when the 


work was down in drill form, but when she was given the re- 


sponsibility of arranging the numbers herself, her subtract- 


. 
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ion example appeared in this form: 546 
-19 
156. 


This type of work accompanies vague notions about t he 
notation system. Individual errors in mechanical work are 
single in number and they do not recurfy unless there lies 
behind some deficiency that constantly affects the work. 
There is evidence here that some pupils have such a vague 
idea concerning the number system that a constant factor is 


at work causing errors whenever they manipulate numbers. 


C. 50 Items Improperly Labelled. 


Sometimes pupils attach the wrong labels to’.the numbers 


which they have obtained in their solutions. Subject 36 
performed the following multiplication making the error men- 
tioned : 112320 lbs 
6 cents a lb 
6735920 pounds 5 
subject 31 in working a problem about the average rate 
ot trains treated 356 2/5 miles as follows: 
356 2/5 miles distant in exactly 9 hrs 


ae eel _ 16038 minutes. 


having attached the wrong label the next step was 16038 


minutes = 16038 + 60 = ---<- hours. 


CG. 31 Errors in Copying Digits from Step to Step in the 
Problem AG 


The simplest errors here were mis-readings and wrong 
trangierring of single digits. Subject 13 wrote 


* 2 Bushe? costae $1.40, 42 eost $1.40 x 40 = $56.00". 


ay 
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Subject 18 found the correct number of bushels in prob- 


lem 11 and then made an error in-the price per bushel 


An error in copying due to poor arrangement of the written 
work was found in the solution given bu Subject 26: 
" Area = 18x14 =9) 252 £E >> Sw Sru cys tyda. 
1 yard costs $1.36 | 
9 yards cost 9 x $1.36 = $12.24 ". 


If this solution had been written in straight-forward fash- 


ion no such error would have entered. 


C2 
2 
Os 


2 kvaluation of Results 


In this investigation there was but one instance when a 
Subject upon completing a bit of work, turned voluntarily 
to check the accuracy of the results. It may be that at 
times some mental checking took place but this went un- 
recorded. In one instance a Subject subtracted 174 from 220 
amd then reversed the process to test the accuracy of t he 
work. | 

After. the first written solution was completed, each 
Subject was asked to evaluate the result he had Oe 
The responses given and the attempted evaluations reflect 
the ability and the inclinations of the pupils to evaluate 
their answers when the question of accuracy is raised by 
another individual. It was evident that these Subjects 
were not trained in evaluating arithmetical work. Their 


attempts to make corrections were clumsy. In many instances 


S| 


the Subjects were quite unprepared to do anything. Pupil 
4 said the result was quite correct although in problem 3 
he had added the $3.28 to the $4.95. That he was unpre- 
pared for evaluating the result was shown by the fact that 
the solution had not been preceded by ae analysis of the 
problem. He said that ‘how much more ---' meant how much 
more than $4.95. 

Some pupils when challenged give a hurried glance over 
the mechanical work which they recorded on the paper and 
then state that the resujts are quite correct. This was 
what Subject 13 did for problem 8 although he had an answer 
of 40 pages when the problem asked him to find how many hours. 
Some Subjects when questioned thought at once that their 
results were wrong and hastened to make some change which 
did not prove to be a correction. Subject 14 got $2.88 
as the result for one problem. When she saw that her work 
was even questioned, she said, vw On, No, $288.00". The 
numbers in the problem were of the order of the twenties 
and the thirties and there was nothing in the setting to 
suggest any such number as 288. One Subject did problem 6 
correctly. When asked to evaluate the result he said, 


"No, I found a mistake. You should multiply by 2 instead 


of divide by 2". He accordingly changed his work to the new 
and imcorrect form. 
In a few instances the Subjects when challenged sensed 


the practical situation, which up to that time had not been 
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thought of. One Subject did this when his answer of $4.90 
for linoleum for a floor was questioned. He said that he 
did not think that $5.00 would buy enough linoleum for the 
floore 

In all the replies only one example of real checking of 
processes was apparent. One adult Subject worked problem 
13 about the volume of a sphere. When asked to pus luate his 
result he tried to compare the valome of a sphere with the 
volume of a cube that might be cut from the sphere. 

In order to summarize the general responses tothe de- 
mand for evaluation, 114 consecutive replies were tabulated. 
Of these 100 merely expressed ah opinion with respect to 
the work that had been done, while 14 resulted in some 
activity toward the problem. Of the 100 rather worthless 
evaluations 84 were "Yes", 2 were "No", 5 were " I think 
bu gowrene*.i2 were "I den't knew", 1 was " I don't think 
so* and 1 was * It might be wrong". Five Subjects threw the 
onus ef prook upon the investigator. Of the 14 Subjects 
who turned to the problem when challenged, 12 corrected 
errors in the mechanical work, and only two of them attempt- 
ed te verify or test the thought uroeesees by which the re- 
sults had been obtained. 

These Subjects were not trained in evaluating results. l— 
Less than 2% of them went back to verify assumptions. Is 
this because there is a blind acceptance of any method that 


happens to come to mind in association with the problem 


w 
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Seventy-four percent of the Subjects, many of whom had 
wrong answers, replied when challenged, " Yes, This is 
correct" or they gave answers of like meaning. lvidently 
many pupils do not search for solutions; they do not ‘solve' 
problems; they have fixed modes of behaving towards certain 


problem situations. 


ERRORS THAT DEAL WITH GENERALIZATIONS 


D. 33 Specific Examples are Solved but Generalizations are 
———— ———— 


Ssubgectsa 15 2, 4, 4,24 and’ 3 all gave’ a correct sol- 
ution for problem l:on*the first: trial. Their answers ta_ 
the question, “ If you knew the ages of two boys, how could 
you find how much the one was older than the other?" were 


as follows: 


subject Reply 


a The Bike ome would likely be the oldest. 
Pe By putting them down and adding them. 
A Take the most away from the other one. 
aa Subtract the lower one from the higher one. 
OS. (aay One looks elder than the other one 
| 5 Add them. 


It is apparent that four of these Subjects can deal with 
only the simple conerete cases. Subject 5 has abstracted 
a common element from situations of this kind while Sub- 
ject 4 notes the fact that the operation of subtraction 
fits them all, but he has not perfected his generalization. 
Inability to note similar elements is seen in the work of 


Subject 10. in -problem 12 he found the cost of the lin- 
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oleum correctly, but he did not succeed in finding the cost 
of the: ‘tile required for a: floor 68 feet: by 70 feet, af 

the tile cost $5.00 per square yard. The same deficiency 
was shown by Subject 2 in problem 3. She failed to subtract 
$5.28 from $4.95 wishing to add enough to the Sa 2 tie mave 
the $4.95. When the amounts involved were changed to 10 
cents and $1.00, the Subject subtracted, but upon returning 
to the original problem once more proceeded with her trials 
at addition. 

Subjects showed by their answers to the oral questions 
different stages of progress toward generalizing ability. 
The Subjects were asked “ How do you find the cost of any 
number of pounds when you know the cost of 1 pound?". 


Three of the replies were: 


Reply Comment 
le By adding up the The Subject meant that the 
pounds : cost of the several pounds 


: should be added. 
2. Put them down and add 


them up 
5. Multiply the number of The correct process is iden- 
pounds by ---- tified and can be used but it 
( incomplete ). is not clearly enought thought 
out to permit of definite 
formulation. 


Progress from the slow method of equal:.subtractions to 
the idea of division is seen in the following answers to 
the question, “ If you know the cost of several pounds, how 
do veu. find.the cast af 1, paund?": (1) Subtract. it, (2) 

Add down that much until you get to one pound, (3) Divide 


the several pounds by something, (4) Divide the numberyof-- 
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pounds by the cost, (5) Divide the cost by ---(incomplete), 
(6) Divide the total cost by the number of pounds. In 

(1) and (2) the idea of subtraction is uppermost, in (3) 
division is vaguely introduced, in (4) division, total 

cost and number of pounds all appear, but the latter two 
are not properly related, but, in (6) the generalized pro- 


cedure is clearly expressed. 


D. 34 A Memorized Generalization Cannot be Applied 


This difficulty occurred where there were formulae which 
gave a very condensed form for ees great amount of infor- 
mation. 

A simple example of this deficiency occurred frequently 
in problem 7. Nearly all the Subjects said, " The perimeter 
7 the distance around the square”. This is the linguistic 
form of the equation P=4L, where L is the length of one 
side. That often the statement was not understood is clear 
from the fact that the Subjects proceeded to take 1/2 of 60, 
or even 60 itself, as the length of one side. 

Problem 15 gave an example of a very complex generaliz- 
ation. The formula, sometimes known but more often discov- 
ered while doing one of the special selection of methods 
tests, was V = 4/3 x 22/7 x ré, where V is the volume of 
the sphere and ris the radius. Subjects could apply this 
formula to the given problem where the radius was 12 inches. 


They were asked to continue and to find in succession the 
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volumes of spheres having radii of 24, 36 and 6 inches re- 
spectively. If the generalization were not used the Sub- 
ject would apply the formula to each example in turn 

and work out the equations V, = A/S 22/0 % TA myEe eRe 
Wp = 4/3 x 22/7 x 24 x 24 x 24, Ve = 4/3 x 22/7 x 36 x 36 

x 36, and V, = 4/3 x 22/7 x 6x6 x6. If on the other hand 
the Subject saw the generalization as applied to volumes 

Vo» Vz and V,, he noted that the volumes desired could be 
derived from V, by simple multiplication by 8, 27 and 1/8 
respectively. 

Of the 14 Subjects, whose number included high school 
graduates, teachers and senior year university students, 
only two saw and applied the generalization. One of these 
Subjects was an instructor im mathematics and the other was 
a student in honor mathematics. Subject 45 worked each 
example independently but said while working the third 
example, " There is a short way, I know, but I don't see 
it. There is some relationship I know". 

The above problem is a difficult one, but it illustrates 
again that there are individual differences in the degrees 
tonwhich a generalization is understood by different in- 
dividuals who have memorized the words expressing the gener- 
alization. There is evidence that generalizations are of 
sreat range in the matter of difficulty. The simplest 
mathematical generalizations may be understood by the pupils 


in grade 11% ( Subjeete 2, 3, 4 and 5 understood some of 
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them), some are understood by the pupils in grade Vl, but 
there are others that may be understood only after the ex- 
perience in mathematics that comes with years of high school 


and college training. 


D. 535 Faulty Generalizations 


To deal with recurring arithmetical situations, pupils 
dewelop or are given generalizations, which are faulty or 
incomplete at times and must therefore be corrected later. 

Subject 15 tried to carry over to the minutes-hour 
situation a generalization that had served him effectively 
in the cents-dollar situation. When he arrived at the oe 
sult '876 minutes’ he changed it to 8 hours and 76 minutes, 
using the same method of reduction that had served him in 
the other situation. There are certain similiarities be- 
tween the two situations but this Subject included an extra 
and wrong one. | 

Another type of error in abstraction called forth the 
following reasons for subtracting any two numbers that were 
found in a problem: 

i. Waen one is Bacher than the other. 

2. When you want to find something that is less. 

Se To make it less. 
In the pupils's experience to date, probably subtraction has 
meant 'to make less', but the time is coming when this 


generalization must be modified. in this type of error 
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we have ane xtension of a generalization, an incomplete 
form, where all the essentials are not grasped, but where 


supplementary ideas are given first place. 
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CHAPTER 5 


The preceding chapters present evidence from which the 
following conclusions are drawn. 

, i. The ability of pupils to find correct answers to pro- 
blems in arithmetic is a poor measure of their actual 
problem-solving ability. | 

‘2. Correct answers are obtained for problems when the 
anapysis that should precede any manipulation of the 
numbers involved has not been made. 

3. Many Subjects do not find correct answers to problems 
have just as complete an understanding of the processes 
involved as have those who succeed in getting the 
correct answers. It is true also that at times pupils 
obtain the correct answer and yet have little if any 
wise rdtaaalae of the methods involved. 

4, Mamy pupils learn correct methods of manipulation 
without being able to explain why certain processes are 
carried out, and without seeing the relationships that 
exist among the elements of the problem. 7 

Do. Much problem-solving is but a slavish adherence to type 
methods of procedure which become associated with certain 
language and number situations that exist in the pre- 
sented problem. 

6. Operations with numbers generally involve some manip- 
ulation or use of the number system. There are many 


pupils who become skilful in manipulation without knowe- 
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ing the principles involved in the use of the system. 
There are other children who cannot manipulate numbers. 

7e Pupils may become expert in solving individual problems 
without appreciating the generalization that fits the 
particular case. 

8. Sometimes pupils have memorized generalizations that 
they are not able to apply. They cannot recognize 
the proper application when it arises. 

9. The evidenee is against the view that children are being 
trained in independence in problem-solving. There is 
little weighing of evidence and in few instances do 
pupils evaluate their results. 

10. Pupils are sometimes given problems to solve when they 
lack the experience that leads to an understanding of 
the concrete setting of the problem. 

11. In many instances, training in grammatical analysis of 

the printed problem would result in facility in finding 


the real problem that the words are meant to convey. 


The data herein presented were gathered from a limited 
number of pupils. The universality of the findings in 
other school systems must be determined by an extension of 
the invéstigation. 

It is to the analysis of the thought processes that was 
made throughout this study that the writer attaches the 


maximum importance. 
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